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Abstract 

3 ■ 

1-^ ■ We define for arbitrary modules over a finite von Neumann algebra A a dimension 

i taking values in [0, oo] which extends the classical notion of von Neumann dimension 

for finitely generated projective ^-modules and inherits all its useful properties such 
as Additivity, Cofinality and Continuity. This allows to define L^-Betti numbers for 
arbitrary topological spaces with an action of a discrete group T extending the well- 
known definition for regular coverings of compact manifolds. We show for an amenable 
■ group r that the p-th L^-Betti number depends only on the CF-module given by the 

, p-th singular homology. Using the generalized dimension function we detect elements 

I in Go(Cr), provided that T is amenable. We investigate the class of groups for which 

Q>^ ' the zero-th and first L'^-Betti numbers resp. all L^-Betti numbers vanish. We study L^- 

. Euler characteristics and introduce for a discrete group T its Burnside group extending 

bJOl the classical notions of Burnside ring and Burnside ring congruences for finite T. 
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Introduction 



Let us recall the original definition of L^-Betti numbers by Atiyah f^. Let M — > M 
be a regular covering of a closed Riemannian manifold M with F as group of deck trans- 
formations. We lift the Riemannian metric to a F-invariant Riemannian metric on M. Let 
L^f2^(M) be the Hilbert space completion of the space C^Q^{M) of smooth M-valued p- 
forms on M with compact support and the standard L^-pre-Hilbert structure. The Laplace 
operator Ap is essentially selfadjoint in L^f2^(M). Let Ap = J XdE^^ be the spectral decom- 
position with right-continuous spectral family {E^^ \ A G M}. Let E^{x,y) be the Schwartz 
kernel of Ey Since E^{x,x) is an endomorphism of a finite-dimensional real vector space, 
its trace tT^{E^{x,x)) G M is defined. Let JF be a fundamental domain for the F-action on 
M. Define the analytic L'^-Betti number hj 

hf(M) ■= j ii^{El{x,x))dYoh e[0,oo). (0.1) 
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By means of a Laplace transformation this can also be expressed in terms of the heat kernel 

g-tAp ^-^^ 

b'^^M) = lim / tTM(e-^^^{x,x))dvoh g[0,oo). (0.2) 

The p-th L^-Betti number measures the size of the space of smooth harmonic L^-integrable 
p-forms on M and vanishes precisely if there is no such non-trivial form. For a survey on 
L^-Betti numbers and related invariants like Novikov-Shubin invariants and L^-torsion and 
their applications and relations to geometry, spectral theory, group theory and i^-theory we 
refer for instance to p2| , section 8], ||2^, and In this paper, however, we will not 
deal with the analytic side, but take an algebraic point of view. 



The L^-Betti numbers can also be defined in an algebraic manner. Farber [^,||2T| has 
shown that the category of finitely generated Hilbert ^-modules for a finite von Neumann 
algebra A can be embedded in an appropriate abelian category and that one can treat L^- 
homology from a homological algebraic point of view. Farber gives as an application for 
instance an improvement of the Morse inequalites of Novikov and Shubin ||3^ , in terms 



of L^-Betti numbers by taking the minimal number of generators into account. An equivalent 
more algebra oriented approach is developed in |]33 where it is shown that the category of 



finitely generated projective modules over A, viewed just as a ring, is equivalent to the 
category of finitely generated Hilbert ^-modules and that the category of finitely presented 
^-modules is an abelian category. This allows to define for a finitely generated projective 
^-module P its von Neumann dimension 

dim^(P) G [0,00) (0.3) 

by using the classical definition for finitely generated Hilbert ^-modules in terms of the von 
Neumann trace of a projector. This will be reviewed in Section |[ 

In Section |^ we will prove the main technical result of this paper that this dimension 
can be extended to arbitrary ^-modules if one allows that the value may be infinite (what 
fortunately does not happen in a lot of interesting situations). Moreover, this extension 
inherits all good properties from the original definition for finitely generated Hilbert A- 
modules such as Additivity, Cofinality and Continuity and is uniquely determined by these 
properties. More precisely, we will introduce 

Definition 0.4 Define for a A-module M 
dim (M) := sup{dim(P) \ P d M finitely generated projective A-submodule} G [0, 00]. 



Recall that the dual module M* of a left ^-module is the left ^-module hom^(M, A) 
where the ^-multiplication is given by {af){x) = f{x)a* for / G M*, x G M and a & A. 

Definition 0.5 Let K be a A-submodule of the A-module M . Define the closure of i^T in M 
to be the A-submodule of M 

K := {xeM I f{x) = for all f e M* with K C ker(/)}. 
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For a finitely generated A-module M define the A-suhmodule TM and the A-quotient module 
PM by: 

TM := {xeM \ f{x) =0 for all f e M*}; 
PM := M/TM. m 



The notion of TM and PM corresponds in |^ to the torsion part and the projec- 
tive part. Notice that TM is the closure of the trivial submodule in M. It is the same 
as the kernel of the canonical map i{M) : M — > (M*)* which sends x G M to the map 
M* — > A f ^ f{x)*. We will prove for a finite von Neumann algebra A in Section |^ 



Theorem 0.6 1. A is semi-hereditary, i.e. any finitely generated submodule of a projec- 
tive module is projective; 

2. If K G M is a submodule of the finitely generated A-module M, then M/K is finitely 
generated and projective and K is a direct summand in M; 

3. If M is a finitely generated A-module, then PM is finitely generated projective and 

M = PM © TM; 

4. The dimension dim has the following properties: 

(a) Continuity 

If K G M is a submodule of the finitely generated A-module M, then: 

dim'(K) = dim'(K); 

(b) Co finality 

Let {Mi \ i E 1} be a cofinal system of submodules of M, i.e. M = Ujg/Mj and 
for two indices i and j there is an index k in I satisfying Mj, Mj C M^. Then: 

dim'(M) = sup{dim'(M,) \ i E I}; 

(c) Additivity 

If — y Mo Ml — ^ M2 — > is an exact sequence of A-modules, then: 

dim' (Ml) = dim'(Mo) + dim'(M2), 

where r + s for r,s G [0, 00] is the ordinary sum of two real numbers if both r and 
s are not 00 and is 00 otherwise; 

(d) Extension Property 

If M is finitely generated projective, then: 

dim'(M) = dim(M); 
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(e) If M is a finitely generated A-module, then: 

dim'(M) = dim(PM); 
dim'(TM) = 0; 

(f) The dimension dim is uniquely determined by Continuity, Cofinality, Additivity 
and the Extension Property. ■ 

In the sequel we write dim instead of dim'. In Section ^ we will show for an inclusion 
i : A — > r that the dimension function is compatible with induction with the induced ring 
homomorphism i : A/'(A) — > A/'(r) and that Af{T) is faithfully flat over A/'(A). (Theorem 
p.3|) . This is important if one wants to relate the L^-Betti numbers of a regular covering 
to the ones of the universal covering. We will prove that F is non-amenable if and only 
if A/'(r) (8>cr C is trivial (Lemma |3.4] .2). This generalizes the result of Brooks (Remark 

m. 

In Section ^ we use this generalized dimension function to define for a (discrete) group 
r and a F-space X its p-th iF'-Betti number hj 

6f(X;Ar(r)) := dim^(r)«(X;Ar(r))) g[0,oo], (0.7) 

where Hp{X;Af(T)) denotes the A/'(r)-module given by the singular homology of X with 
coefficients in the A/'(r)-Zr-bimodule A/'(r) (Definition [4.11 ). This definition agrees with 
Atiyah's definition ^Tl] if X is the total space and F the group of deck transformations of a 
regular covering of a closed Riemannian manifold. We will compare our definition also with 
the one of Cheeger and Gromov jlT], section 2] (Remark |4.12| ). In particular we can define 



for an arbitrary (discrete) group F its p-th L^-Betti number 

bf\T) := bf\ET-Af{T)) e[0,oo], (0.8) 

where ET — > BT is the universal F-principal bundle. These generalizations inherit all the 
useful properties from the original versions and it pays off to have them at hand in this 
generality. For instance if one is only interested in the L^-Betti numbers of a group F for 
which BT is a CW^-complex of finite type and hence the original (simplicial) definition does 
apply, it is important to have the more general definition available because such a group 
F may contain an interesting normal subgroup A which is not even finitely generated. A 
typical situation is when F contains a normal infinite amenable subgroup A. Then all the 
L^-Betti numbers of -BF are trivial by a result of Cheeger and Gromov [Tl|, Theorem 0.2 on 
page 191]. This result was the main motivation for our attempt to construct the extensions 
of dimension and of L^-Betti numbers described above. 

In Section ^ we will get the theorem of Cheeger and Gromov mentioned above as a 
corollary of the following result. If F is amenable and M is a CF-module, then 

dimAr(r) (TorJ^''(M,Ar(F))) =0 for p > 1, (0.9) 

where we consider A/'(F) as a A/'(F)-CF-bimodule (Theorem |5.1| ). We get from by a 
spectral sequence argument that the L^-Betti numbers of a F-space X depend only on its 
singular homology with complex coefficients viewed as CF-module, namely 

bf{X;Af{T)) = dim^(r) (Ar(F) ®cr i^f'(^' C)) , (0.10) 
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provided that F is amenable (Theorem |5.11| ). The result of Cheeger and Gromov mentioned 



above follows from p.lO| since the singular homology of ET is trivial in all dimension except 
for dimension where it is C 



Equation |0.9| will also play a cruircial role in detecting non-trivial elements in the 
Grothendieck group Go{CT) of finitely generated CF-modules for amenable groups T which 
will be investigated in Section We will construct for amenable F a map 



G'o(CF) 



class(F) 



(0.11) 



where class(F)c/ is the complex vector space of functions from the set con(F)c/ of finite 
conjugacy classes (7) of elements in F to C (Lemma |6.3| and Theorem |6.12| ). This map is 
related to the Hattori-Stallings rank and the universal center-valued trace and dimension of 
A/'(F) (Theorem |6.12| ). In particular we will show that the class of CF in Go(CF) generates 
an infinite cyclic direct summand in G'o(CF) if F is amenable and is trivial if F contains a 
free group of rank 2 as subgroup (Remark |6.23| ) . 

We will investigate for d = 0,1, . . . and d = 00 the class Bd of groups F for which 
bp{Er;N'{r)) = for p < d (Theorem [7.3| ) and discuss applications in Section |^ (Theorem 



We analyse L^-Euler characteristics and the Burnside group in Section |^ generalizing 
the classical notions of Burnside ring, Burnside ring congruences and equivariant Euler 
characteristic for finite groups to infinite groups (Theorem p.4| , Lemma Lemma ^.131 , 
Remark p.l4| and Lemma |8.17| ). In particular the L^-Euler characteristic extends the notion 
of virtual Euler characteristic of a group to a larger class of groups (Corollary |8.5|) . 



In Section ^ we analyse the possible values of the L^-Betti numbers (Theorem |9.2|) . If 
there is no bound on the orders of finite subgroups of F, then any non- negative real number 
can be realized as b^\X;N'{r)) for p > 3 and a free T-CW-complex X. Otherwise we show 
for the least common multiple d of the orders of finite subgroups that d ■ bp (X;Af(T)) is 
an integer or infinite for any F-space X if this holds for any finite free F-Cl^-complex Y 
(Theorem p.2| ). The last conditions hold for instance for elementary amenable groups and 
free groups by Linnell p6 |. 



The paper is organized as follows: 



0. Introduction 

m. Review of von Neumann dimension 

0. The generalized dimension function 

^. Induction for group von Neumann algebras 

^. L^-invariants for arbitrary F-spaces 

^. Amenable groups 

H. Dimension functions and Go{CT) 

1^. Groups with vanishing L^-Betti numbers 

^. L^-Euler characteristics and the Burnside group 

^. Values of L^-Betti numbers 
References 
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1. Review of von Neumann dimension 



In this section we recall some basic facts about finitely generated Hilbert-modules and 
finitely generated projective modules over a finite von Neumann algebra. We fix for the 
sequel 

Notation 1.1 Let A be a finite von Neumann algebra and tr : A — > C be a normal fi- 
nite faithful trace. Denote by T an (arbitrary) discrete group. Let MiV) be the group von 
Neumann algebra with the standard trace tij^fiv) ■ 

Module means always left-module and group actions on spaces are from the left unless 
explicitly stated differently. We will always work in the category of compactly generated 
spaces (see j^/ and L4]). ■ 

Next we recall our main example for A and tr, namely the group von Neumann algebra 
7V(r) with the standard trace. The reader who is not familiar with the general concept of 
finite von Neumann algebras may always think of this example. Let /^(T) be the Hilbert 
space of formal sums X]7Gr -^7 ' ^ with complex coefficients A-y which are square-summable, 
i.e. J^-yer l-^7p < Define the group von Neumann algebra and the standard trace by 

Af{T) := B{l\T),l\T))^; (1.2) 
trAr{r)(a) := (a(e), e)/2(r); (1.3) 

where B{l'^(T),l'^{T))^ is the space of bounded F-equivariant operators from /^(F) to itself, 
a G A/'(F) and e G F C /^(F) is the unit element. The given trace on A extends to a trace on 
square-matrices over A in the usual way 

n 

tT:M{n,n,A) — A ^tr(Ai,i). (1.4) 

i=l 

Taking adjoints induces the structure of a ring with involution on A, i.e. we obtain a 
map * : A — > A a\-^ a*, which satisfies (a + b)* = a* + b*, {ab)* = b*a* and (a*)* = a and 
1* = 1 for all a,b E A. This involution induces an involution on matrices 

*:M{m,n,A) — >M{n,m,A) A = (A^j) ^ A* = (Al^). (1.5) 



Definition 1.6 Let P be a finitely generated projective A-module. Let A G M{n,n, A) be a 
matrix such that A = A* , A^ = A and the image of the A-linear map A : A!^ — > A"' induced 
by right multiplication with A is A-isomorphic to P. Define the von Neumann dimension of 
P 

dim(P) = dim^(P) := tr^(A) G [0, oo). ■ 

It is not hard to check that this definition is independent of the choice of A and depends 
only on the isomorphism class of P. Moreover the dimension is faithful, i.e. dim(P) = 
implies P = 0, is additive under direct sums and satisfies dim(^") = n. 
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We recall that we have defined TM and PM ioi K G M in Definition |0^. A se- 



quence L — ^ M — ^ N of ^-modules is weakly exact resp. exact at M if ini(/) = ker(5f) resp. 
im(/) = ker((7) holds. A morphism / : M — > N of ^-modules is called a weak isomorphism 
if its kernel is trivial and the closure of its image is A^. 

Next we explain how these concepts above correspond to their analogues for finitely 
generated Hilbert ^-modules. Let /^(^) be the Hilbert space completion of A which is 
viewed as a pre-Hilbert space by the inner product (a, 6) = tr(a6*). A finitely generated 
Hilbert A-module \^ is a Hilbert space V together with a left operation of A by C-linear maps 
such that there exists a unitary >l-embedding of V in ©"^^/^(^) for some n. A morphism 
of finitely generated Hilbert ^-modules is a bounded ^-equivariant operator. Denote by 
{fin. gen. Hilb. ^-mod.} the category of finitely generated Hilbert ^-modules. A sequence 

U -^W of finitely generated Hilbert ^-modules is exact resp. weakly exact at V if 
im(/) = ker((yf) resp. im(/) = keT{g) holds. A morphism / : V — > W is a weak isomorphism 
if its kernel is trivial and its image is dense. For a survey on finite von Neumann algebras 
and Hilbert ^-modules we refer for instance to section 1], ||36|, section 1]. 

The right regular representation A — ^ B{P{A),P{A))'^ from A into the space of 
bounded ^-equivariant operators from 1^{A) to itself sends a G ^ to the extension of the 
map A — > A b ba*. It is known to be bijective |]15|, Theorem 1 in 1.5.2 on page 80, 
Theorem 2 in 1.6.2 on page 99]. Hence we obtain a bijection 

which is compatible with the C-vector space structures, the involutions and composition. 

The details of the following theorem and its proof can be found in [p4| , section 2]. It 
is essentially a consequence of and the construction of the idempotent completion of a 
category. It allows us to forget the Hilbert-module-structures and simply work with the von 
Neumann algebra as a plain ring. An equivalent approach is given by Farber EO] , [ETl and is 



identified with the one here in |34, Theorem 0.9]. An inner product on a finitely generated 
projective ^-module P is a map fi : P x P — > A which is linear in the first variable, sym- 
metric in the sense fi{x,y) = fi{y,xy and positive in the sense fi{x,x) > <^=^ x 7^ such 
that the induced map P — > P* sending y & P to ^{—,y) is bijective. 



Theorem 1.8 1. There is a functor 

V : {fin. gen. pro]. A-mod. with inner prod.} — > {fin. gen. Hilb. A-mod.} 

which is an equivalence of C- categories with involutions; 

2. Any finitely generated projective A-module has an inner product. Two finitely generated 
projective A-modules with inner product are unitarily A-isomorphic if and only if the 
underlying A-modules are A-isomorphic; 

3. Let be an inverse of v which is well-defined up to unitary natural equivalence. The 
composition of v^^ with the forgetful functor induces an equivalence of C-categories 

{fin. gen. Hilb. A-mod.} — > {fin. gen. proj. A-mod.}; 
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4- V and V ^ preserve weak exactness and exactness. ■ 



Of course Definition ^]6| of dim(P) for a finitely generated projective ^-module agrees 
with the usual von Neumann dimension of the associated Hilbert ^-module z^(-P) after any 
choice of inner product on P. 



2. The generalized dimension function 



In this section we give the proof of Theorem and investigate the behaviour of the 
dimension under colimits. We recall that we have introduced dim (M) for an arbitrary A- 
module M in Definition ^ and TM and PM for X C M in Definition We begin 
with the proof of Theorem 



Proof : 1.) is proven in [|^, Corollary 2.4] for finite von Neumann algebras. However, 
Pardo pointed out to us that any von Neumann algebra is semi-hereditary. This follows 
from the facts that any von Neumann algebra is a Baer *-ring and hence in particular a 
Rickart C*-algebra Definition 1, Definition 2 and Proposition 9 in Chapter 1.4] and that 
a C*-algebra is semi-hereditary if and only if it is Rickart Corollary 3.7 on page 270]. 

2.) and 4. a) in the special case that M = P for a finitely generated projective ^-module P. 

Let V = {Pi \ i E 1} he the directed system of finitely generated projective ^-modules of 
K. Notice that V is indeed directed by inclusion since the submodule of P generated by 
two finitely generated projective submodules is again finitely generated and hence by 1.) 
finitely generated projective. Let ji : Pi — ^ P be the inclusion. Equip P and each Pi 
with a fixed inner product and let pr^ : z/(P) — > ^{P) be the orthogonal projection sat- 
isfying im(prj) = im(i/(jj)) and pr : ^{P) — > ^{P) be the orthogonal projection satisfying 
im(pr) = Uig/im(prj). Next we show 

im(z/"^(pr)) = (2.1) 

Let / : P — > ^ be a ^-map with K C ker(/). Then f o ji = and therefore o z/(jj) = 
for all i E I. We get im(prj) C ker(i/(/)) for all i E I. Because the kernel of is closed we 
conclude im(pr) C ker(z/(/)). This shows im(z/~^(pr)) C ker(/) and hence im(z/~^(pr)) C K. 
As K G ker(id — z/^^(pr)) = im(z/^^(pr)), we conclude K C im(i/~^(pr)). This finishes the 
proof of p.l| and of 2.) in the special case M = P. 



Next we prove 

dim'{K) = dim(Z). (2.2) 

The inclusion ji induces a weak isomorphism z^(Pi) — > im(prj) of finitely generated Hilbert 
^-modules. If we apply the Polar Decompostion Theorem to it we obtain a unitary A- 
isomorphism from z/(Pj) to im(prj). This implies dim(Pj) = tr(prj). Therefore it remains to 
prove 

tr(pr) := sup{tr(prj) | i G /}. (2.3) 
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As tr is normal, it suffices to show for x G z^(-P) that the net {prj(x) \ i E 1} converges to 
pr(x). Let e > be given. Choose i{e) G / and a;j(e) G im(pr^(^-)) with || pr(x) — < e/2. 
We conclude for all ^ > ^(e) 

||pr(x) -pri(x)|| < ||pr(x) -pri(,)(x)|| 

< 1 1 pr (a;) - pii^,) ) 1 1 + 1 1 pri(,) ) - pii^,) {x) \ \ 

< \\pt{x) + ||pr^(,)(xi(,) -pr(x))|| 

< 1 1 pr(x) - 1 1 + 1 1 pri(,) 1 1 • I - pr(x) 1 1 

< 2 ■ II pr(x) - Xi(,)|| 

< e. 



Now |2]^ and hence p.2| follow. In particular we get from |2.2| for any finitely generated 
projective submodule Qo of a finitely generated projective ^-module Q 

dim(Qo) < dim(Q), (2.4) 

since by definition dim((5o) < dim'((5o) and dim(Qo) ^ dim(Q) follows from additivity of 
dim under direct sums and that we have already proven that Qo is a direct summand in Q. 
This implies for a finitely generated projective ^-module Q 

dim(g) = dim'(Q). (2.5) 

Now [2.2| and |2.5| imply 4. a.) in the special case that M = P for a finitely generated projective 
^-module P. 



4.d.) has been already proven in p75 . 

4.b.) If P C M is a finitely generated projective submodule, then there is an index i E I 
with P C Mj by cofinality. 

4.C.) Let P C M2 be a finitely generated projective submodule. We obtain an exact sequence 
— > Mo — > P'\P) — > P — ^ 0. Since p-^{P) ^ Mq © P, we conclude 

dim' (Mo) + dim(P) < dim'(p"^(P)) < dim' (Mi). 

Since this holds for all finitely generated projective submodules P C M2, we get 

dim'(Mo) + dim'(M2) < dim'(Mi). (2.6) 

Let Q C Ml be finitely generated projective. We obtain exact sequences 

i{Mo) n Q ^ Q ^ p{Q) ^ 0; 

«(Mo)nQ — ^ Q ^ gA(Mo)nQ o. 



By the special case of 2.) which we have already proven above i{Mo) fl Q is a direct summand 
in Q. We conclude 



dim(g) = dim(z(Mo) nQ) + dim(Q/i(Mo) nQ). 
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From the special case 4. a.) we have aheady proven above, 4.d.) and the fact that there is 
an epimorphism from p{Q) onto the finitely generated projective ^-module Q/i^Mq) fl Q, 
we conclude 



dim(i(Mo) n Q) = dim (i(Mo) n Q); 
dim(Q/i(Mo) n Q) < dim'(p(Q)). 

Since obviously dim (M) < dim (A^) holds for ^-modules M and with M C A^, we get 



dim(Q) = dim(i(Mo) n Q) + dim(g/i(Mo) n Q) 

< dim' (2 (Mo) n g) + dim'(p(g)) 

< dim'(Mo) + dim'(M2). 

Since this holds for all finitely generated projective submodules Q C Mi, we get 

dim' (Ml) < dim' (Mo) + dim' (Ma). (2.7) 
Now 4.C.) follows from 12. 61 and 



2.) and 4. a.) Choose a finitely generated free ^-module F together with an epimorphism 
q : F — > M. One easily checks that q~^{K) is q~^{K) and that F/q~^{K) and M/K are 
isomorphic. From the special case of 2.) and 4.) a.) which we have already proven above 
we conclude that F/q^^{K) and hence M/K are finitely generated projective and 



dim {q-\K)) = dim {q-^{K)) = dim {q-\K)). 

If L is the kernel of q, we conclude from Additivity 

dim {q-\K)) = dim'(L) +dim'(Z); 
dim'(g"^(i^)) = dim (L) + dim! (K) . 

Now 2.) and 4. a) follow in general. 



3. ) follows from 2.), as {0} = TM and M/TM = PM by definition. 

4. e.) From 2.), 4.c.) and 4.d.) we get: dim'(M) = dim'(TM) + dim(PM). If we apply 4. a) 
to {0} C M we get dim'(TM) = because of {0} = TM. 

4.f.) Let dim be another function satisfying Continuity, Cofinality, Additivity and the 
Extension Property. We want to show for a ^-module M 

dim"(M) = dim'(M). 

Since 4.e.) is a consequence of Continuity, Additivity and the Extension Property alone, 
this is obvious provided M is finitely generated. Since the system of finitely generated 
submodules of a module is cofinal, the claim follows from Cofinality. This finishes the proof 
of Theorem D.6|. ■ 



Notation 2.8 In view of Theorem \0.(\ we will not distinguish between dim and dim in the 
sequel. m 
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Next we investigate the behaviour of dimension under cohmits indexed by a directed 
set. We mention that cohmit is sometimes called in the literatur also inductive limit or direct 
limit. The harder case of inverse limits which is not needed in this paper will be treated at 
a different place (see also |]lT], Appendix]). 

Theorem 2.9 Let I be a category such that between two objects there is at most one mor- 
phisms and for two objects ii and 12 there is an object io with ii < io and 12 < io where we 
write i < k for two objects i and k if and only if there is a morphism from i to k. Let Mi be 
a covariant functor from I to the category of A-modules. For i < j let (pij : Mi — > Mj be 
the associated morphism of A-modules. For i & I let ipi : Mi — > colim/Mj be the canonical 
morphism of A-modules. Then: 

1. We get for the dimension of the A-module given by the colimit colim/Mj 

dim (colim/ Mj) = sup {dim(im(?/'j)) | i G /} ; 

2. Suppose for each i E I that there is io E I with i < io such that dim(im(0j^j(,)) < 00 
holds. Then: 

dim (colim/ Mj) = sup {inf {dim(im(0jj : Mj — > Mj)) \ 3 ^ 1 ^ j} \ i ^ 1} ■ 

Proof : 1.) Recall that colim/Mj can be constructed as Ujg/Mj/ ~ for the equivalence 
relation for which x G Mj ~ ?/ € Mj holds precisely if there is A; G / with i <k and j < k 
with the property 4>i^k{x) = (pj^kiu)- With this description one easily checks 

colim/ Mj = Ujg/ im('?/'j : Mj — > colim/ Mj) 

Now apply Cofinality of dim (see Theorem |0.6| .4). 

2.) It remains to show for i G / 

dim(im(?/'j)) = inf {dim(im(0ij : Mj — ^ Mj)) \jEl,i<j}. (2.10) 

By assumption there is io £ with i < io such that dim(im((/)j_jp)) is finite. Let Ki^j be the 
kernel of the map im(0j^jQ) — > im(0jj) induced by 0j(,j- for io < j and Ki^ be the kernel 
of the map im((/)j^jQ) — > im(?/'j) induced by ipi^. Then i^j^ = ^j£i,io<jKigj and hence by 
Cofinality (see Theorem 1(1^.4) 

dim(i^'jj = sup{dim(irj„j) \jeI,io< j}- 
Since dim(im(0j j^)) is finite, we get from Additivity (see Theorem p.6| .4) 

dim(im(V^j)) = dim (im {tpio\imi<Pi,i^) ■ im(0j,jj — ^ colim/ Mj)) 

= dim(im(0j,jj) - dim^Ki^) 

= dim(im(0j,jj) - sup{dim(ii'joj) \jeI,io< j} 

= inf {dim(im(0j,jj) - dim^Ki^j) \ j e I,io< j} 

= inf {dim (im(0j„j|im(<^,,,^) : im(0j,jj — > im{(j)ij))) | j G /, zq < j} 

= inf {dim (im(0j,,)) | j G /, < j} (2.11) 
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Given Jq G J with i < jo, there is j E I with iq < j and jo ^ 3 and hence with 

dim(im(0jjj) > dim(im(0jj)). 

This imphes 

inf{dim(im(0ij)) \ j e J,i <j} = inf{dim(im(0jj)) \ j e J,io < j}- 
Now p.lOl follows from |2.11| and p.l2| . This finishes the proof of Theorem |2]£ . 



(2.12) 



Example 2.13 The condition in Theorem p.9| .2 that for each i E I there isio E I with i < io 
with dim(im(0j jg)) < oo is necessary as the following example shows. Take / = N. Define 
Mj = ®'^=jA and 0^- ^ : ©^=^.4 — > ®'^=k-^ to be the projection. Then dim(im(0j- fc)) = oo 
for all j < k, but colim/ M, is trivial and hence has dimension zero. ■ 



Remark 2.14 From an axiomatic point of view we have only needed the following basic 
properties of A. Namely, let R be an associative ring with unit which has the following 
properties 



1. There is a dimension function dim which assigns to any finitely generated projective 
i?-module P an element 

dim(P) E [0, oo) 

such that dim(P (B Q) = dim(P) + dim(Q) holds and dim(P) depends only on the 
isomorphism class of P; 

2. If C P is a submodule of the finitely generated projective ^-module P, then K is 
a direct summand in P. Moreover 

dim(ii') = sup{dim(P) \ P C K finitely generated projective P-submodule}. 



Then with Definition O Theorem p.6| carries over to R. One has essentially to copy 



the part of the proof which begins with 2.4 



An easy example where these axioms are satisfied is the case where P is a principal 
ideal domain and dim is the usual rank of a finitely generated free P-module. Then the 
extended dimension for a P-module M is just the dimension of the rational vector space 
F M for F the quotient field of R. Notice that the case of a von Neumann algebra 
P = ^ is harder since A is not noetherian in general. 



In Definition p.5| we have defined TM and PM only for finitely generated ^-modules 
M although the definition makes sense in general. The reason is that the following definition 
for arbitrary ^-modules seems to be more appropriate 

TM := U{iV C M \ dim{N) = 0}; (2.15) 
PM := M/TM. (2.16) 



One easily checks using Theorem p.6| .4 that TM is the largest submodule of M with trivial 
dimension and that these definitions |2.15| and p.l6| agree with Definition |0.5| if M is finitely 



generated. One can show by example that they do not agree if one applies them to arbitrary 
^-modules. In the case of a principal ideal domain P the torsion submodule of a P-module 



M is just TM in the sense of definition 2.15. 
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3. Induction for group von Neumann algebras 



Next we investigate how the dimension behaves under induction. Let i : A — > T be 
an inclusion of groups. We claim that associated to i there is a ring homomorphism of the 
group von Neumann algebras, also denoted by 

i:Af{A) — > Af{T). (3.1) 

Recall that A/'(A) is the same as the ring i3(/^(A), /^(A))^ of bounded A-equivariant op- 
erators / : /^(A) — > ^^(A). Notice that CF ^ca ^^(A) can be viewed as a dense subspace 
of /2(r) and that / defines a CF-homomorphism id®cA/ : CT Oca ^^(A) — ^ CT ®ca ^^(A) 
which is bounded with respect to the pre-Hilbert structure induced on CF ®ca ^^(X) from 
/^(F). Hence id®cA/ extends to a F-equivariant bounded operator i{f) : /^(F) — > ^^(T)- 

Given a A/'(A)-module M, define the induction with i to be the A/'(F)-module 

t,{M) := Ar(F)®^(A)M. (3.2) 

Obviously is a covariant functor from the category of A/'(A)-modules to the category of 
jV(F)-modules, preserves direct sums and the properties finitely generated and projective 
and sends ^^{A) to ^f{T). 

Theorem 3.3 Let i : A — > F be an injective group homomorphisms. Then: 

1. Induction with i is a faithfully fiat functor from the category of M {A) -modules to the 
category of M{T) -modules, i.e. a sequence of A) -modules Mq — >• Mi — > M2 is ex- 
act at Ml if and only if the induced sequence of M {T) -modules i^Mq — > i*Mi — > i*M2 
is exact at i^Mi; 

2. For any Af (A) -module M we have: 

dim^(A)(M) = dim^(^)(^*M). 

Proof : The proof consists of the following steps. 

Step 1: dim_^/-(A)(M) = dim_^(r)(^*(M)), provided M is a finitely generated projective 
A/'(A)-module. 

Let A G M{n,n,Af{A)) be a matrix such that A = A*, A"^ = A and the image of the 
A/'(A)-linear map A : A/'(A)" — > A/'(A)" induced by right multiplication with A is J\f{A)- 
isomorphic to M. Let i{A) be the matrix in M(n, n, A/'(F)) obtained from A by applying 
i to each entry. Then i{A) = i{A)*, ^(A)^ = i{A) and the image of the A/'(F)-linear map 
i{A) : A/'(F)" — > A/'(F)" induced by right multiplication with i{A) is A/'(F)-isomorphic to 
i*M. Hence we get from Definition |1.6| 

dim^(A)(M) = tT_^f(^A)iA)■, 
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Therefore it suffices to show tr_/v^(r)(i(a)) = tr_^(A)(a) for a G Af{A). This is an easy conse- 



quence of the Definition 1.3 of the standard trace. 



Step 2: If M is finitely presented A/'(A)-module, then 

dim^(A)(M) = dim^(r)(i*(M)); 
Torf(^^(Ar(r),M) = 0. 

Since M is finitely presented, it splits as M = TM © PM where PM is finitely gen- 
erated projective and there is an exact sequence 



with f* = f [0, Theorem 1.2, Lemma 3.4]. If we apply the right exact functor induction 
with i to it, we get an exact sequence AA(r)" ^ A/'(r)" — > uTM — > with (z,/)* = i^f. 



Because of Step 1, Additivity (see Theorem p.6| .4) and the definition of Tor it suffices to 



show that i*/ is injective. Let z/ be the functor introduced in Theorem |1.8| or section 2]. 



Then z(z/(/)) is z/(i*/). Because v respects weak exactness (see Theorem ^]8| or |^4|, Lemma 



2.3]) z/(/) has dense image since U{AY _^ 7V(A)" — > is weakly exact. Then one eas- 
ily checks that vii^^f) = i^ivi^f)) has dense image since CF ®ca ^^(A) is a dense subspace of 
Since the kernel of a bounded operator of Hilbert spaces is the orthogonal complement 
of the image of its adjoint and i^(i*/) is selfadjoint, z/(i*/) is injective. Since u'^ respects 
exactness (see Theorem p,.8| or p^ . Lemma 2.3]) i^f is injective. 

Step 3: Tor^*-^''(A/'(r), M) = provided, M is a finitely generated A/'(A)-module. 

Choose an exact sequence — > K P — > M — >0 such that P is a finitely gener- 
ated projective A/'(A)-module. The associated long exact sequence of Tor-groups shows that 
Tor^''^''(A/'(r), M) is trivial if and only if i^g : i^^K — ^ i^P is injective. For each element x 
in i^,K there is a finitely generated submodule K' (Z K such that x lies in the image of the 
map i^K' — > i^K induced by the inclusion. Hence it suffices to show for any finitely gener- 
ated submodule K' d P that the inclusion induces an injection i^K' — > i^P. This follows 
since Step 2 applied to the finitely presented module P/K shows 1oi^'"^\N{T), P / K) = 0. 

Step 4: is an exact functor. 

By standard homological algebra we have to show that ToT\f^^^{Af{T), M) = is trivial 
for all A/'(A)-modules M. Notice that M is the colimit of the directed system of its finitely 
generated submodules (directed by inclusion) and that the functor Tor commutes in both 
variables with colimits over directed systems [|10| , Proposition VI. 1.3. on page 107]. Now the 
claim follows from Step 3. 

Step 5: Let {Mi | i G /} be the directed system of finitely generated submodules of the 
A/'(A)-module M. Then 

dimAr{A)(M) = sup{dim^(A)(Mj) \ i el}] 
dimAr{r)(^*M) = sup{dimAr(r)(^*Mj) | i G /}. 

Because of Step 4 we can view i*Mj as a submodule of i^M. Now apply Cofinality (see 
Theorem |0.6| .4). 



Step 6: The second assertion of Theorem 3.3 is true. 
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Because of Step 5 it suffices to prove the claim in the case that M is finitely generated 
because any module is the colimit of the directed system of its finitely generated submodules. 
Choose an exact sequence — > K ^ P — > M — ^0 such that P is a finitely generated 
projective A/'(A)-module. Because of Step 4 and Additivity (see Theorem we get 

dimAr(A)(M) = dim^(A)(P) - dimAr(A)(^); 
dimx(^r){i*M) = dim_v(r)(^*-P) - dim_v(r)(^*-^)- 

Because of Step 1 it remains to prove 

dim_v(A) (-f^) = dimj^(^r){i*K). 

Because of Step 5 it suffices to treat the case where C P is finitely generated. Since A/'(A) 
is semi- hereditary (see Theorem |0.6| .l) K is finitely generated projective and the claim follows 
from Step 1. 



Step 7: The first assertion of Theorem 3.3 is true 



Because we know already from Step 4 that is exact, it remains to prove for a A/"(A)- 
module M 

i^M = M = 0. 

Suppose i^M = 0. In order to show M = we have to prove for any A/'(A)-map 
/ : 7\/'(A) — > M that it is trivial. Let K be the kernel of /. Because is exact by Step 4 
and i^M = by assumption, the inclusion induces an isomorphism i^:K — > i^^Af^A). Since 
i^K is a finitely generated Ar(r)-module and is exact by Step 4, there is a finitely gener- 
ated submodule K' d K such that the inclusion induces an isomorphism i^,K' — > i^..Af{A). 
Let A/'(A)™ — > K' be an epimorphism. Let g : A/'(A)'" — > ■^(^) be the obvious composi- 
tion. Because i* is exact by Step 4 the induced map : z*A/'(A)™ — > z*A/'(A) is surjective. 
Hence it remains to prove that g itself is surjective because then K' = A/'(A) and the map 
/ : A/'(A) — > M is trivial. Since the functors u'^ and u of Theorem [L^ are exact we have 
to show for a A-equivariant bounded operator h : /^(A)"^ — > ^^(A) that h is surjective if 
i{h) : /^(r)™ — > ^^(r) is surjective. Let {E\ | A > 0} be the spectral family of the posi- 
tive operator h o h*. Then {i{Ex) | A > 0} is the spectral family of the positive operator 
i{h) o i(^h)*. Notice that h resp. i{h) is surjective if and only ii Ex = resp. i{Ex) = 
for some A > 0. Because Ex = resp. i{Ex) = is equivalent to dim^(A)(im(i/~^(i?A))) = 
resp. dim_^^(r)(im(z/^^(i(_E'A)))) = and im{h'^^{i{Ex))) = i^im^u'^^Ex)), the claim follows 
from Step 6. This finishes the proof of Theorem p.3|. ■ 



The proof of the first two assertions of Theorem ^]3| would be obvious if we would know 
that A/'(r) viewed as a A/'(A)-module is projective. Notice that this is a stronger statement 
than proven in Theorem |3.3| . One would have to show that the higher Ext-groups instead of 
the Tor-groups vanish to get this stronger statement. However, the proof for the Tor-groups 
does not go through directly since the Ext-groups are not compatible with colimits. 

Lemma 3.4 Let H G T be a subgroup. Then 

1. dim (A/'(r) ®cr C[r/-f^]) = l-f^l^"*^, where is defined to be zero if H is infinite; 
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2. A/'(r) ®cr C[r/if] is trivial if and only if H is non- amenable; 



3. IfV is infinite and V is a CT -module which is finite- dimensional over C, then 

dim{M{T)^crV) = 0. 

Proof : 3.) Since V is finitely generated as CF-module J\f(T) ^cr V" is a finitely gen- 
erated A/'(r)-module. Because of Theorem ^]6| it suffices to show that there is no Af(T)- 
homomorphism from A/'(r) CScr V to A/'(r). This is equivalent to the claim that there is no 
CF-homomorphism from V to A/'(r). Since the map A/'(r) — > ^^(T) given by evaluation at 
the unit element e G F C is F-equivariant and injective it suffices to show that ^^(F) 
contains no F-invariant linear subspace W which is finite-dimensional as complex vector 
space. Since any finite-dimensional topological vector space is complete, is a Hilbert 
A/'(F)-submodule. Let pr : /^(F) — > ^^(X) be an orthogonal F-equivariant projection onto 
W. Then we get for any 7 e F 

dim(Vr) = (pr(7),7). (3.5) 

Let {vi,V2, ■ ■ ■ ,Vr} be an orthonormal basis for the Hilbert subspace W C ^^(F). For 7 G F 
we write pr(7) = J2l=i ^iil) ' "^i- We get from 1 1 pr(7)| p < 1 

|A,(7)| < I. (3.6) 

Given e > 0, we can choose 7(e) satisfying 

{v,,-f{e)) < r-^-e for ^ = 1, 2, . . . , r. (3.7) 



Now 2]6| and imply 

(pr(7(e)),7(e)) < e. (3.8) 
Since holds for all e > 0, we conclude dim(iy) = and hence W = from equation 

1. and 2.) li i : H — > T is the inclusion, then i, (7V(/f) (g)cH C) and 7V(F) ®cr C[T/H] are 
isomorphic as A/'(F)-modules. Because of Theorem ^]3| it remains to treat the special case 
r = H for the first two assertions. The first assertion follows from the third for infinite F 
and is obvious for finite F. Next we prove the second assertion. 

Let be a set of generators of F. Then ©sg5ZF '^"^^'^^ S -^C — > is exact 
where e{J2yer ^1 ' — '^-yer ^i- Since the tensor product is right exact, we obtain an exact 
sequence ®ses^f{T) ^''"'"'-'^ Af{T) ^Af{T) ®cr C — ^ 0. Hence Af{T) ®ct C is trivial if 
and only if ©ses-^(r) ^ A/'(F) is surjective. This is equivalent to the existence of a 

finite subset T C S such that (BserJ^iT) ^ A/'(F) is surjective. Let A C F be the 

subgroup generated by T. Then the map above is the induction with the inclusion of A 
in F applied to ©tgTA/'(A) -^^^^^^^^^^-^ A/'(A). Hence we conclude from Theorem 3^.1 that 
Af(T) ©cr C is trivial if Af{A) <S)ca C is trivial for some finitely generated subgroup A C F. 
Since F is amenable if and only if each of its finitely generated subgroups is amenable [0, 
Proposition 0.16 on page 14], we can assume without loss of generality that F is finitely 
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generated, i.e. S is finite. We can also assume that S is symmetric, i.e. s ^ S implies 

s-i e S. 

Because the functor u of Theorem |1.8| is exact, A/'(r) ®cr C is trivial if and only if the 

operator / : Q)sesi'^(X) '^"^^^'"^i ^^(T) is surjective. This is equivalent to the bijectivity of 
the operator 



2- \S\ 



It is bijective if and only if the spectral radius of the operator /^(F) — ffUfI — ^ Z^(r) is 
different from 1. Since this operator is convolution with a probability distribution whose 
support contains S, namely 

\S\-^ -fES 



P:T — ^ [0, 1] 7 f-^ 



7^5 



the spectral radius is 1 precisely if F is amenable |2^. This finishes the proof of Lemma [374 . 



4. L^-invariants for arbitrary F-spaces 

In this section we extend the notion of L^-Betti numbers for regular coverings of CW- 
complexes of finite type (,i.e. with finite skeletons) with F as group of deck transformations 
to (compactly generated) topological spaces with action of a (discrete) group F. We will 
continue with using Notation |1 . 1| . 



Definition 4.1 Let X be a (left) T -space and V be a A-TjT -bimodule. Let H^{X\ V) be the 
singular homology of X with coefficients in V , i.e. the A-module given by the homology of 
the A-chain complex V ®zr Cf^^{X), where Cf"^(X) denotes the singular ZT -chain complex 
of X . Define the p-th L^-Betti number of X with coefficients in V by 

bf\X;V) ■.= dim^{H^{X-V)) g[0,oo]. 

and the p-th L^-Betti number of the group F by 

b^^\T):=bf\ET;Af{T)). m 

Next we compare cellular and singular chain complexes and show that it does not 
matter whether we use singular or cellular chain complexes in the case that X is a T-CW- 



complex. For basic definitions and facts about F-CW^-complexes we refer for instance to [|1J, 
sections 11.1 and 11.2], [^, sections 1 and 2]. 

Lemma 4.2 Let X be a T-CW- complex. Then there is a up to ZT-homotopy unique and in 
X natural ZT-chain homotopy equivalence 

f{X) : Cf\X) Cr^iX). 

In particular we get for any A-'LT -bimodule V an in X and V natural isomorphism 

HpiV ®zr Cf\X)) ^ HpiV ®zr C^f ^(X)). ■ 
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Proof : Obviously the second assertion follows from the first assertion which is proven as 
follows. 



Let y be a CW-complex with cellular Z-chain complex C^^^^ and singular Z-chain 
complex Cf^^. We define a third (intermediate) Z-chain complex C^J^^^{Y) as the subcomplex 
of Cf^^ whose n-th chain module is the kernel of 

There are an in Y natural inclusion and an in Y natural epimorphism of Z-chain complexes 

t{Y):CT'%Y) ^ Cr^(F); (4.3) 
p{Y):C'f%Y) ^ Cf\Yy, (4.4) 

which induce isomorphisms on homology page 263]. 

If r acts freely on the F-Ciy-complex X, then C^'^" and Cf"^ are free ZF-chain com- 
plexes and we get a ZF-chain homotopy equivalence well-defined up to ZF-homotopy from 
the fundamental theorem of homological algebra and the fact that the chain maps ^]3| and 
[4.4| induce isomorphisms on homology. In the general case one has to go to the orbit category 
Or(F) and apply module theory over this category instead of over ZF. 

The orbit category Or(F) has as objects homogenous spaces and as morphisms F-maps. 
The F-CW^-complex X defines a contravariant functor 

X : Or(F) — > {CW - COMPLEXES} T/H ^ map{T/H,X)^ = X" . 

Its composition with the functor C^^^\ Cf*''^ resp. Cf^s from the category of CVT-complexes to 
the category of chain complexes yields ZOr(F)-chain complexes, i.e. contravariant functors 



C'f%X) 



Or(F) — > {Z- CHAIN-COMPLEXES}; 
Or(F) — > {Z- CHAIN-COMPLEXES}; 
Or(F) — > {Z- CHAIN-COMPLEXES}. 



We obtain natural transformations from the natural chain maps [4.3| and [4.4| 



z(X):Cr*^(X) — > Cr^m; (4.5) 
p(X):Cf'=(X) — > Cf\X); (4.6) 

which induce isomorphisms on homology. Hence it suffices to show that C^°"(X) and 
(jsmg^2C) are free and hence projective in the sense of |3^, Definition 9.17] because then 
we obtain a homotopy equivalence of ZOr(F)-chain complexes from C^*^^^(X) to Cf^^{X) 
|]30| , Lemma 11.3] whose evaluation at F/1 is the desired ZF-chain homotopy equivalence. 
The proofs that these two chain complexes are free are simple versions of the arguments in 
||30| , Lemma 13.2]. Notice that in |^ the F-Ciy-complex is required to be proper, but this 



condition is needed there only because there F is assumed to be a Lie group and universal 
coverings are built in, and can be dropped in the discrete case. ■ 

Remark 4.7 Originally the L^-Betti numbers of a regular covering M — > M of a closed 
Riemannian manifold with group of deck transformations F were defined by Atiyah Q in 
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terms of the heat kernel as explained in p.2| in the introduction. It follows from the L^-Hodge- 



deRham theorem II^] that this analytic definition agrees with the combinatorial definition of 
ftp^'* [X) in terms of the associated cellular L^-chain complex and the von Neumann dimension 
of finitely generated Hilbert 7\/'(r)-modules for a triangulation X of M. Because of Lemma 



2 this combinatorial definition agrees with the Definition 4.1 



Analogously to the case of L^-Betti numbers we will extend the notion of Novikov- 
Shubin invariants for regular coverings of compact Riemannian manifolds to arbitary F- 
spaces and prove that they are positive for the universal covering of a aspherical closed 
manifold with elementary-amenable fundamental group in another paper. ■ 

The next results are well-known in the case where X is a regular covering of a CW- 
complex of finite type. We call a map g : Y — > Z homologically n- connected for n > 1 if the 
map induced on singular homology with complex coefficients g^, : H^^^{Y; C) — > H^^^{Y; C) 
is bijective for k < n and surjective for k = n. The map g is called a weak homolopy 
equivalence if it is n-connected for all n > 1. 

Lemma 4.8 Let f : X — > Y be a T-map and let V he a A-TjT -himodule. 

1. Suppose for n > 1 that for each subgroup H C T the induced map IS 
homologically n-connected. Then the map induced by f 

f,:Hl{X-V)^Hl{Y;V) 

is bijective for p < n and surjective for p = n and we get 

hf\X-V) = hf\Y-V) forp<n- 
h^;\X;V) > hf{Y-V) forp = n- 

2. Suppose such that for each subgroup H C T the induced map IS a 
weak homology equivalence. Then for all p > the map induced by f 



is bijective and we get 



f.:Hl{X-V)—^Hl{Y-V) 

hf\X-V) = hf^{Y-V). m 

Proof : We give only the proof of the second assertion, the one of the first assertion is 
an elementary modification. The map / induces a homotopy equivalence of Z Or(r)-chain 
complexes : Cf'^^{2Q — > (^'"^(H) in the notation of the proof of Lemma ||2| since 

the singular ZOr(r)-chain complexes of X. and Y_ are free in the sense of [^O], Definition 
9.17](see |3y, Lemma 11.3]). Its evaluation at F/l is a ZF-chain equivalence. Hence / 
induces a chain equivalence 

V ®zr Cr^if) ■■ V ®zr Cf^^iX) V ®zr Cf-^iY) 



and Lemma 4.8 follows. 



We get as a direct consequence from Theorem 3.3 
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Theorem 4.9 Let i : A — > T be an inclusion of groups and let X be a A-space. Then 

H^{rx^X;Ar{r)) = z,H^{X;Ar{A)); 

bf\^x^x■,^/i^)) = 6f(X;Ar(A)). ■ 



Theorem 4.10 Let X be a path- connected T -space. Then 

1. There is an isomorphism of Af(T) -modules HQ{X;Af{T)) = Af{T) ^zr C; 

2. A/'(r)) = \T\-\ where \T\~^ is defined to be zero if the order \T\ ofV is infinite; 

3. Hl{X]N{T)) is trivial if and only ifV is non-amenable. 

Proof : The first assertion follows from the fact that Cf''S(X) — > Co'''^(X) — > Z — ^ 
is an exact sequence of ZF-modules and the tensor product is right exact. The other two 
assertions follow from Lemma |3.4|. ■ 



Remark 4.11 Let M — > M be the universal covering of a closed Riemannian manifold 
with fundamental group vr. Brooks has shown that the analytic Laplace operator Aq on 
M in dimension zero has zero not in its spectrum if and only if vr is non- amenable. Now Aq 



has zero not in its spectrum if and only if ifg (M, A/'(7r)) is trivial because of paragraph 
after Definition 3.11, Theorem 6.1] and the fact that the analytic and combinatorial spectral 
density function are dilatationally equivalent |19|. Hence Theorem [4.10| generalizes the result 



of Brooks. Notice that both Brook's and our proof use |2^. Compare also with the result 
p3| , Corollary III.2.4 on page 188] that a group F is non-amenable if and only if H^iV, ^^(r)) 
is Hausdorff. ■ 



Remark 4.12 Next we compare our approach with the one in |TT|, section 2]. We begin 
with the case of a countable simplicial complex X with free simplicial F-action. Then for 
any exhaustion Xq C Xi C X2 C . . . X by F-equivariant simplicial sub complexes for which 
X/F is compact, the p-th L^-Betti number in the sense and notation of |TT, 2.8 on page 198] 
is given by 



hf\X : F) = lim lim dim^(r ■MH'i2){Xk : T) HUX, : F; 



where ij k '■ Xj — > X^. is the inclusion for j < k. We get from [^4|, Lemma 1.3] and Lemma 



dimAr(r) im(if(2)(Xfc : F 



-^HUxr.T] 



dim^(r) ( imiH^iX,;AfiT)) ^ H^iX,;AfiT)) ] . 
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Hence we conclude from Theorem p.9| that the definitions in |Tl|, 2.8 on page 198] and in ^TL 
agree: 

6f(X:r) = 6f(X;Ar(r)). (4.13) 

If r is countable and X is a countable simplicial complex with simplicial F-action, then by 
|jlT|, Proposition 2.2 on page 198] and by |4.13| 

6f(X:r) = 6f(ErxX:r); (4.14) 
bf\X:T) = b^^\ETxX-X{T)). (4.15) 



Cheeger and Gromov |Tl|, Section 2] define L^-cohomology and L^-Betti numbers of a 
F-space X by considering the category whose objects are F-maps / : Y — > X for a simplicial 
complex Y with cocompact free simplicial F-action and then using inverse limits to extend 
the classical notions for finite free F-Ciy-complexes such as F to X. Our approach avoids 
the technical difficulties concerning inverse limits and is closer to standard notions, the only 
non-standard part is the verification of the properties of the extended dimension function 
(Theorem p.6| and Theorem |3.3|). 



5. Amenable groups 



In this section we investigate amenable groups. For information about amenable groups 
we refer for instance to [H2i- The main technical result of this section is the next lemma 



whose proof uses ideas of the proof of |]TT], Lemma 3.1 on page 203]. 



Theorem 5.1 Let F be amenable and M be a CT-module. Then 

dim^(r)(Torf (M,Ar(F))) =0 forp>l, 
where we consider J\f(T) as a N'{T)-'CV-bimodule. 

Proof : Step 1: If M is a finitely presented CF-module, then dimAr(r) (Tor^^(M, UiV))) = 0. 
Choose a finite presentation 

®T=iCT ^ ®tiCT Am 0. 

For an element u = ■ 7 in /^(F) define its support 

supp(m) := {7 g F I ^ 0} C F. 

Let B G M{m, n, CF) be the matrix describing /, i.e. the component fij : CF — > CF is 
given by right multiplication with bij. Define the finite subset S by 

S ■= {7 I 7 or 7-^ G |Jsupp(6ij)}. 
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Let /*^^^ : ©i=i^^(r) — > ffi"=i^^(r) be the bounded F-equivariant operator induced by /. De- 
note by K the F-invariant hnear subspace of ©^i^^(F) which is the image of the kernel of / 
under the canonical inclusion k : ©™-^CF — > ®^il^{T). Next we show for the closure K of 
K 

K = ker(/(2)). (5.2) 

Let pr : ©^]^/^(F) — > ©™]^/^(F) be the orthogonal projection onto the closed F-invariant 
subspace K-^ fl ker(/*^^^). The von Neumann dimension of im(pr) is zero if and only if pr 
itself is zero. Hence |5.2| will follow if we can prove 

tr^(r)(pr) = 0. (5.3) 

Let e > be given. Since F is amenable, there is a finite non-empty subset A dV satisfying 
0, Theorem F.6.8 on page 308] 

where 8$ A is defined by {a G A | there is s G S* with as ^ A\. Define 

A := {7 G F I 7 G dsA or 7s G dsA for some s e S) = dsA U {Us<.s{dsA)s) . 



Let pr^ : /^(F) — > ^^(r) be the projection sending 'Yl-^^v A7 ■ 7 to Yl-^eA \ ' 7- Define 
pr^ : /^(F) — > ^^(r) analogously. Next we show for s G S" and u G /^(F) 



pr^ ors{u) 



,if pr^(M) = 0, 



(5.5) 



where : /^(F) — > ^^(r) is right multiplication with s. Since s G S" implies s ^ E S, we get 
the following equality of subsets of F 

{7 G F I 7S G A, 7 ^ A} = {7 G F I 7 G A, 7 ^ A}. 

Now ^]5| follows from the following calculation for u = J^-yer^^^A -^7 ' 7 ^ ^^(r) 



pr^or,(M) = ^ A^-7s 

7seyl,7^A 



7eA,7^A 




■ s 



Ts o pr^l^M 



We have defined 5" such that each entry in the matrix B describing / is a linear combination 
of elements in 5*. Hence |5.5| implies 



{®%iV^A)of'\u) = o (©- , pr^) («) 



,if pr^(Mj) = for i = 1, 2 



, m. 
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Notice that the image of (B™^i pr^ hes in ©™ ^CF. We conclude 

©^iPr^H e K ,ifMeker(/(2)),pr^(M,) = 0fori = l,2... ,m. 
This shows 

(pro©™^pr^)(ker(/(2))n©™iker(pr^)) = 0. 

Since ker(pr^) has complex codimension |A| in /^(F) and |A| < (IS*! + 1) ■ l^s^l, we conclude 
for the complex dimension dime of complex vector spaces 



dimc((pro©-,pr^)(ker(/(2)))) < m ■ (|^| + 1) ■ l^^^l. 



(5.6) 



Since pr o pr^ is an endomorphism of Hilbert spaces with finite-dimensional image, it is 
trace-class and its trace trc(propr^) is defined. We get 



trAr(r)(pr) < 



trc (pr o pr^) 
1^1 



(5.7) 



from the following computation for e G F C /^(F) the unit element 



tr^(r)(pr) 



i=l 
^ m 

^^|A|-(pr,^,(e),e) 



i=l 

m 



i=l 7G/I 
m 

i=l 7eA 
m 

i=i -yer 

m 

Et^c:(pr.,opr^) 

i=l 



j-iic {w<®T=iWa))- 

If is a Hilbert space and / : H — > H is a bounded operator with finite- dimensional image, 
then trc(/) < ||/|| ■ dim^ (/(im(/))). Since the image of pr is contained in ker(/'^^)) and pr 
and pr^ have operator norm 1, we conclude 



trc (pro ®T=i pr^) < dime ((pro ©^, pr^) (ker(/(')))) . 



(5.^ 



Equations |5^ , pAjj , |57^ and imply 

trAr(r)(pr) < m ■ {\S\ + I) ■ -e. 
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Since this holds for all e > 0, we get |5.3| and hence p.2| is true 



Let pr^^ : ®Zil^{T) — > ©•=i/^(r) be the projection onto K. Let i : ker(/) — > ©^iCF 
be the inclusion. It induces a map 

J : Af{T) ®cr ker(/) Af{T) ®cr ©I^iCL ^ ©™ lAr(r). 

Next we want to show 



im(z/ ^(pr^^)) = im(j). (5.9) 

Let X G ker(/). Then 

(id — z/~^(pr;^)) o j(l (g) s) = (id — prj^) o /c o z(x), (5.10) 

where k : ©™;^Cr — > ®^iP{r) is the inclusion. Since (id — pr-^^) is trivial on K we get 
(id — pr-^) o k o i = 0. Now we conclude from |5.10| that im(j) C ker(id —u^^ (pr-^)) and hence 
im(j) C im(z/~^(pr;^)) holds. This shows im(j) C im(i^~^(pr;j^)). It remains to prove for 
any A/'(r)-map g : ©^^^/'(r) — > ©™iA/'(r) with im(j) C keT{g) that g o z/"^(pr;^) is trivial. 
Obviously K C ker(z/((7)). Since ker(i/(5f)) is a closed subspace, we get K C ker(z/(5f)). We 
conclude //((/) o pr-j^ = and hence g o zy~^(pr;f^) = 0. This finishes the proof of f).9[ 



Since u ^ preserves exactness by Theorem |1.8| and id©cr/ = ^(/*^^^)) we conclude 



from 2^ and that the sequence 



AfiT) ©cr ker(/) Ar(r) ©cr ©I^iCL Ar(r) ©cr ©^iCL 

is weakly exact. Continuity of the dimension function (see Theorem p.6| .4) implies 

dim_^r(r) (ker(id©cr/)/im(id©cr^)) = 0. 
Since Torf''(M; Ar(r)) = ker(id©cr/)/im(id©crO holds, Step 1 follows. 
Step 2: If M is a CL-module, then dimjv-(r) (Tor^^(M, Ar(r))) = 0. 

Obviously M is the union of its finitely generated submodules. Any finitely generated 
module M is a colimit over a directed system of finitely presented modules, namely, choose 
an epimorphism from a finitely generated free module F to M with kernel K. Since K is 
the union of its finitely generated submodules, M is the colimit of the directed system F/L 
where L runs over the finitely generated submodules of K. The functor Tor commutes in 
both variables with colimits over directed systems [|1^, Proposition VI. 1.3. on page 107]. 
Now the claim follows from Step 1 and Theorem 



Step 3: If M is a CL-module, then dimjv-(r) [Tot'^^ {M,Af(T))) = for all p > 1 

We use induction over p > 1. The induction begin is already done in Step 2. Choose an 
exact sequence — > N — > F — > M — > of Ar(r)-modules such that F is free. Then we 
obtain an isomorphism ToTp^{M,Af{T)) = ToTp^i{N,Af{T)) and the induction step follows. 
This finishes the proof of Theorem |5.1|. ■ 



Theorem 5.11 Let T be an amenable group and X a T -space. Then 
6f(X;Ar(r)) = dim^(r)(Ar(r)©cri/f'(^;C)) 
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where Hp^^{X; C) is the -module given by the singular homology of X with complex coef- 
ficients. In particular bp {X;J^(T)) depends only on the CT -module C). 

Proof : We have to show for a CF-chain complex with Cp = for p < 

dimiHp{^^iT)0c^C,)) = dim {^^ (T) 0cr Hp{a)) . (5.12) 

We begin with the case where C^: is projective. Then there is a universal coefficient spectral 
sequence converging to Hp+g{Af(T) (S)cr C*) fH, Theorem 5.6.4 on page 143] whose i?^-term 
is = ^oI^^{Hg{C^),^^(T)). Now Additivity of dim;^(r) (see Theorem ^.4) together 
with Theorem ^TT] imply p.l2| if is projective. 

Next we prove |5.12| in the case where C* is acyclic. One reduces the claim to two- 
dimensional C* and then checks this special case using long exact Tor-sequences, Additivity 
(see Theorem p.6| .4) and Theorem f).l\ 

In the general case one chooses a projective CF-chain complex P^, together with a CF- 
chain map ft, : — *• C^, which induces an isomorphism on homology. Since the mapping 
cylinder is CF-chain homotopy equivalent to , the mapping cone of is acyclic and hence 
|5.12| is true for P^, and the mapping cone, we get |5.12| for C* from Additivity (see Theorem 
^.4). This finishes the proof of Theorem |5.11| . ■ 



We obtain as an immediate corollary from Theorem |4.10| and Theorem |5.11| (cf. [|ri 
Theorem 0.2 on page 191]). 

Corollary 5.13 IfT is infinite amenable, then for all p > 

6f (F) =0. . 



Remark 5.14 It is likely that Theorem 5.1 characterizes amenable groups. Namely, if F 



contains a free group F of rank two, then F is non-amenable and Theorem ^A] becomes false 
beause Theorem p]3| implies 



dim^(r)(Torfr(C[F/P];Ar(F))) = dim^(r) (Tor^^^(C; Ar(F)))) 

= dim^(r) ((Ar(F) ®^(^) Tor^^^(C; Ar(P))) 

= b?iF) 

= -X{BF) 

= 1. ■ 



Remark 5.15 In view of Theorem ^.l| the question arises when A/ (F) is flat over CF. Except 
for virtually cyclic groups, i.e. groups which are flnite or contain an inflnite cyclic subgroup 
of flnite index, we know no examples of flnitely presented groups F such that A/'(F) is flat 
over CF. If 7V(F) is flat over CF, then A/'(A) is flat over CA for any subgroup A C F by 
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Theorem p.3| .l. Moreover, A/'(r) is flat over CF if and only if A/'(A) is flat over CA for any 
finitely generated subgroup A C F. This follows from Theorem |3]^.l and the facts that the 
functor Tor commutes in both variables with colimits over directed systems pD| , Proposition 
VI. 1.3. on page 107], any CF-module is the colimit of its fintely generated submodules, any 
finitely generated CF-module is the colimit of a directed system of finitely presented CF- 
modules and any finitely presented CF-submodule is obtained by induction from a finitely 
presented CA-module for a finitely generated subgroup A C F. It is not hard to check that 
A/'(F) is flat over CF, if A/'(A) is flat over CA for some subgroup A C F of finite index and 
that A/'(Z) is flat over CZ using the fact that CG is semi-simple for finite G and CZ is a 
principal ideal domain. In particular A/'(F) is flat over CF if F is virtually cyclic. 

Now suppose that A/'(F) is flat over CF. If BT is a CW^-complex of finite type, then 
bp {ET;Af(T)) = for p > 1 and the p-th. Novikov-Shubin invariant satisfies ap{BT) = oo~^ 
for p >2. This implies for instance that F does not contain a subgroup which is isomorphic to 
Z * Z (Remark |5.14| ) or Z x Z [p7| . Proposition 39 on page 494] . If F is non-amenable and -BF 
is a finite CW-complex, then BT is a counterexample to the zero-in-the-spectrum-conjecture 
P^, section 11]. ■ 



6. Dimension functions and GoiCF) 



Let Go(CF) be the abelian group which has as set of generators the isomorphism 
classes of finitely generated (not necessarily projective) CF-modules and has for each ex- 
act sequence of finitely generated CF-modules — > Mq — > Mi — > M2 — > the rela- 
tion [Mo] - [Ml] + [M2] = 0. Given a finitely generated CF-module M, the A/'(F)-module 
A/'(F) ®cr M is a finitely generated Ar(F)-module. We have defined TJ\f{T) ®cr M and 
PA/"(F) ®cr M in Definition |0j. Recall from Theorem |a|.3 that PJ\f{T) (g)cr M is a finitely 
generated projective A/'(F)-module. Define maps 

I : KoiCT) GoiCT) [P]^[P]; (6.1) 
k : KoiCT) KoiMiT)) [P] ^ [MiT) ®cr P]- (6.2) 



Lemma 6.3 IfT is amenable, the map 

J : Go(CF) KoiATiT)) [M] ^ [P^{T) ®cr M] 

is a well-defined homomorphism. The composition j o i agrees with k for the maps i and k 
defined in |^ and \6.2^ above. 

Proof : If — > Mo AMi AMs — > is an exact sequence of finitely generated CF- 
modules we have to check in Kq{N{T)) 

[PAr(F) ®cr Mo] - [PAr(F) ®cr Mi] + [PAr(F) ®cr M2] = 0. 



26 



Consider the induced sequence PAfiT) ®cr Mo ^PAr(r) ®cr M, ^PAf{T) ®cr M2. Ob- 
viously p is surjective as p is surjective. We conclude from Theorem |0l6| .l that ker(i) and 
ker(p) are a finitely generated projective A/'(r)-modules. Theorem p.(j| .4 and Theorem 
imply 

dimAr(r) (ker(i)) = 0; 

dim^(r) (im(i)) = dimAr(r) (ker(p)) . 

We conclude from Theorem ^]6|that i : PA^(r) ®cr Mq — > ker(p) is a weak isomorphism, i.e. 
its kernel is trivial and im(z) = ker(p). Since the functor u of Theorem |1.8| respects weak ex- 
actness and the Polar Decomposition Theorem applied to a weak isomorphism has an isomor- 
phism as unitary part, PA/'(r) ®cr Mq and ker(p) are isomorphic as A/'(r)-modules. Since 
ker(p) © PA/'(r) (8)cr M2 and PA^(r) (^cr Mi are isomorphic. Lemma |6]^ follows. ■ 

If we regard homer (M,7V(r)) as left 7V(r)-module by = f{x) ■ a* for a G Af(r), 

f G homer (M, A/'(r)) and x G M, we obtain isomorphisms of A/'(r)-modules 

homer (M,Ar(r)) ^ (Ar(r) ®er M)* ; 
(PAr(r) ®cr M)* ^ (Ar(r) ®er M)* . 

Since for a finitely generated projective A/'(r)-module P its dual P* is isomorphic to P, we 
conclude for a finitely generated CF-module M 

j([M]) = [homer (M,Ar(r))]. (6.4) 

For a finitely generated projective A/'(r)-module P let 

dimXr(P)(P) G cent(Ar(r)) (6.5) 

be its center-valued von Neumann dimension which is given in terms of the universal center- 
valued trace tr^^-p^ Theorem 8.2.8 on page 517, Proposition 8.3.10 on page 525 and 
Theorem 8.4.3. on page 532], |3^, section 3]. The center- valued von Neumann dimension is 
additive under direct sums and two finitely generated projective A/'(r)-modules P and Q are 
ismorphic if and only if dim^(-p)(P) = dim^^^^^lQ). We obtain an injection 

dim;;^(P) : KoiAfiT)) cent(Ar(r))+ = {a G cent(Ar(r)) \ a = bb* for b G Af{r))}, (6.6) 

which is an isomorphism if A/'(r) is of type II, for instance if P is finitely generated and does 
not contain an abelian subgroup of finite index (|3^, Corollary 3.2 and Lemma 3.3]). 

Next we investigate the relationship between ii'o(CP) and G'o(CP) and between dim^^Y) 
and the Hattori-Stallings rank. Let con(P) be the set of conjugacy classes of elements in P. 
Let con(P) / be the subset of con(P) of conjugacy classes (7) for which each representative 7 
has finite order. Let con(P)c/ be the subset of con(P) of conjugacy classes (7) which contain 
only finitely many elements. We denote by classo(P) and classo(P)/ respectively the complex 
vector space with the set con(P) and con(P)j respectively as basis. We denote by class(P) 
and class (P)c/ respectively the complex vector space of functions from the set con(P) and 
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con(r) f respectively to C. Notice that classo(r) is the complex vector space of class functions 
from r to C with finite support. Define the universal CT-trace of Yl-yer ^il ^ t>y 



^^cr j ■= ^ ^1 ■ il) e classo(r), 

\7Gr / 7Gr 



(6.7) 



This extends to square matrices in the usual way 

n 

tr^r : M(n, n, CT) — > classo(r) ^ ^ ^^cr(ai,i)- 



(6.8) 



i=l 



Let P be a finitely generated projective CF-module. Define its Hattori-Stallings rank by 

HS(P) := tr^r(^) G classo(r), (6.9) 

where A is any element in M{n, n, CT) with = A such that the image of the map 
CF" — > CF" given by right multiplication with A is CF-isomorphic to P. This definition is 
independent of the choice of A. The Hattori-Stallings rank defines a homomorphism 



HS : Ko{CT) — > classo(F) [P] ^ HS(P). 



Define a homomorphism 



by assigning to m G cent(7V(F) 



: cent(Ar(F)) 



class(F) 



cf 



(6.10) 



(6.11) 



{u) : con(F),; ^ C (5) ^ tr^^(r) \ u J2 (^')"' 



Theorem 6.12 Suppose that F is amenable. Then the following diagram commutes 



KoiCT) 



Go(CF) 



HS 



classo(F) 



^o(Ar(F)) 



dim 



cent {AT (T)) 



class(F) 



cf 



where r is given by restriction and the other maps have been defined in pJ\ , Lemma p7B^ , 
6.1(\ andW.ll. 



Proof : One has to show for an element A G M{n, n, CF) and 5 G F such that (5) is finite 

tr^r(^)W = (0otr]V(r)(A))(5). (6.13) 



It suffices to show for 7 G F and 5 G F such that (6) is finite 

KAim = (0otr]V(r)(7))(5). 
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(6.14) 



The universal center-valued von Neumann trace satisfies for 7 G F 



trXr(r)(7) 



i(7)r^-Ev 




7'G(7) 7' if (7) is finite 
otherwise 



This follows from the facts that tr^^-p^ is ultraweakly continuous and the identity on the 
center of Af(T) and that tr](^^p^(^ ■ J2^=i ^n) = tr^(r)(^) holds for elements 61, 62, ■ ■ ■ , Sn in 
(S). Notice that tr_/v'(r) (f^) is 1 if 5 = 1 and otherwise and that trj^p(7)((5) = if (5) is finite 
and (7) is infinite. Hence |6.14| and thus |6.13| follow from the computation for 7, 5 G F such 
that (7) and (5) are finite 



7'e(7) 



tw(r) 1(7)1-^- E V ■ T.(^r' 

\\ 7'e(7) / \s'm 

E E l(7)r'-tr^{r)(7'-(5')-') 

7'e{7) <5'G(5) 

E iwi" 

7'e(7),5'G(5),7'=5' 

1 if (7) = (5) 

otherwise 
tr^r(7)W. 



This finishes the proof of Theorem |6.12 . 



Lemma 6.15 Let T be a discrete group. Then there is a commutative diagram whose the 
left vertical arrow is an isomorphism 

(colimor(r,^) M'CH)) ®z C i^o(CF) ®z C 

/i = HS 



classo(F)j 



classo(F) 



Proof : Firstly we explain the maps in the square. The colimit is taken for the covariant 
functor 

Or(G, m\f) — > ABEL G/H ^ K^iCH) 

to the category of abelian groups which is given by induction. Here Or{G, J-Zf^) is the full 
subcategory of the orbit category Ot{G) consisting of objects G/H with finite H. The map / 
is induced by the universal property of the colimit and the various maps Kq{CH) — > Kq{CT) 
induced by the inclusions of finite subgroups HofTin F. The map e is given by the inclusion 
con(F)j — ^ con(F). 

Define for a group homomorphism ip : F — > T' a map ■0^, : con(F) — > con(F') by send- 
ing [h) to ip{h)). It induces a homomorphism tp^^ : classo(F) — > classo(F'). One easily checks 
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that the following diagram commutes 



HS 

classo(r) 
There is a canonical isomorphism 



KoiCV) 

HS 

classo(r') 



(6.16) 



/i : (colimor(r,jqW) Ko{CH)) colimor(r,jqW) Kq{CH) ®i C. (6.17) 

The Hattori-Stallings ranks for the various finite subgroups H oiV induce an isomorphism 



/2 : colimor(r,jqW) Ko{CH) (g)^ C — > colimor(r,jW) class (if). 



(6.18) 



Let /g : colimor(^,Jqc^r) con{H) — > con(r) j be the map induced by the the inclusions of the 
finite subgroups H of F. Define a map f'^ : con(r) f — ^ colimor(r,.mA) con{H) by send- 
ing (7) G con(r)/ to the image of (7) G con((7)) under the canonical structure map from 
con((7)) to colimor(r,jW) con(ii), where (7) is the finite cychc subgroup generated by 7. 
One easily checks that this is independent of the choice of the representative 7 in (7) and 
that /g and are inverse to one another. The bijection /g induces an isomorphism 



/s : colimor(r,jW) class (if) 



class(r) 



(6.19) 



because colimit and the functor sending a set to the complex vector space with this set as 
basis commute. Now the isomorphism h is defined as the composition of the isomorphisms 
/i from |6.17| , /2 from |6.18| and from |6.19| . It remains to check that the square in Lemma 
|6.15| commutes. This follows from the commutativity of |6.16| . This finishes the proof of 



Lemma 3.15 



Corollary 6.20 Suppose that T is amenable. Then the image of the composition 



G'o(Cr) ®2 C ^ KoiN-{T)) ®z C 



cent(Ar(r)) Aclass(r) 



cf 



contains the complex vector space classo(r)/_c/ with con(r)/ fl con(r)c/ as basis. 



Remark 6.21 There is the conjecture that the canonical map 

colimor(r,.mA) Kq{CH) ^ Kq{CT) 



is bijective for all groups F. In particular this would imply by Lemma |6.15| that the Hattori- 
Stallings rank induces an isomorphism 



HS : Kq{CT) ®z C ^ classo(r)j. 
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Theorem 6.22 1. The map 



I : (colimor(r,^) M^H)) ®z C i^o(Cr) ®^ C 

is injective 

2. If r is virtually polycyclic, then we obtain isomorphisms 

HS : Ko{CT) ®z C ^ classo(r)/; 



Proof : 1 . ) follows directly from Lemma |6.15 



2.) Moody has shown that the obvious map (BHeJUMGo{CH) — > Go{CT) given by 
induction is surjective. Since F is polycyclic the complex group ring CF is regular, i.e. 
noetherian and any CF-module has a finite-dimensional projective resolution. Now 1.) and 



Lemma 5.15 prove the claim. 



Theorem |6.22|.2 has already been proven in 



Remark 6.23 In particular we get from Theorem |6.12| that the map 



l:Z — > Go(CF) n ^ [CF"] 

is split injective, provided that F is amenable. It is likely that this property characterizes 
amenable groups. At least we can show for a group F which contains the free group F2 in 
two letters as subgroup, that t is trivial by the following argument. 

Induction with the inclusion F2 — > F induces a homomorphism Go{CF2) — > G'o(CF) 
which sends [CF2] to [CF]. Hence it suffices to show [CF2] = in 6*0(^-^2 )• The cellular 
chain complex of the universal covering of V yields an exact sequence of CF-modules 
— > (CF2)^ —>■ CF2 —>■ C 0, where C is equipped with the trivial F2-action. Hence it 
suffices to show in [C] = in Go{CF2). Choose an epimorphism / : F2 — > Z. Restriction 
with / deffnes a homomorphism G'o(CZ) — > 6*0(^-^2). It sends C viewed as trivial CZ- 
module to C viewed as trivial C-F2-module. Hence it remains to show [C] = in Go(CZ). 

This follows from the exact sequence — > CZ ^— i> CZ — > C — > for s a generator of Z. 



7. Groups with vanishing L^-Betti numbers 

In this section we investigate the following class of groups 

Definition 7.1 Define the class of groups 

Bd := {F|6f (F)=0/orO<p<rf}; 
:= {F|6f (F)=0/orO<p}. ■ 
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Notice that Bq is the class of infinite groups by Theorem [4.10| . Definition |7.1| is moti- 
vated among other things by Corollary 8^ and the following result. 



Theorem 7.2 Let 1 — > A — > T — > tt be an exact sequence of groups. Suppose that T is 
finitely presented and one of the following conditions is satisfied. 

(2) 

1. |A| — oo, hi (A) < oo and tt contains an element of infinite order or contains finite 
subgroups of arbitrary large order; 

2. The ordinary first Betti number of A satisfies &i(A) < oo and n belongs to Bi. 
Then: 

1. Let M be a closed oriented A-manifold with T as fundamental group. Then 

|sign(M)| < ch(M); 

2. Let def(r) be the deficiency, i.e. the maximum g{P) — r(P) for all presentations P 
where g{P) is the number of generators and r{P) the number of relations. Then 

def(r) < 1; 



Proof : If the first condition is satisfied, then T belongs to Bi by Theorem 7.3,5. Now 



apply |3^, Theorem 5.1 and Theorem 6.1 on page 212] . 

Suppose that the second condition is satisfied. Let p : M — > M be the regular cov- 
ering associated to A. There is a universal coefficient spectral sequence converging to 
H^+g(M;Af{7r))withElg = TorJ^(i7,(M; C),Ar(7r)) ||, Theorem 5.6.4 on page 143]. Since 
Hq{M; C) is C with the trivial vr-action for g = and finite-dimensional as complex vector 
space by assumption for q = 1, Theorem p.6[ 4 and Lemma ^.3 imply dim(£'pg) = for 

p + q = 1 and hence b\ {M-^Miji)) = 0. The arguments in Theorem 5.1 and Theorem 



6.1 on page 212] for the universal covering of M apply also to M. ■ 

The idea to take another covering than the universal covering in the proof of Theorem 
77^ is taken from [|l7|, Corollary 5.2 on page 391]. More information about results like 



Theorem |7.2| are given can be found in . 



Theorem 7.3 Let d be a non-negative integer or d = oo. Then: 

1. The class Boo contains all infinite amenable groups; 

2. If r contains a normal subgroup A with A G Bd, then T G Bd; 

3. IfV is the union of a directed system of subgroups {Fj | i G /} such that each Fj belongs 
to Bd, then F G Bd; 
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i p { 2 ) 

4- Let 1 — > A — > r — > TT — > 1 be an exact sequence of groups such that bp (A) is 
finite for allp < d. Suppose that Btc has finite d-skeleton and that there is an injective 
endomorphism j : vr — > vr whose image has finite index, but is not equal to tt (for 
example n = U"). Then V G Bd', 

5. Let 1 — > A r — ^ TT — > 1 be an exact sequence of groups such that A G Bd-i, 
b\ (A) < oo andV contains an element of infinite order or a finite subgroup of arbitrary 
large order. Then T G Bdi 

6. Suppose that there are groups Ti and T2 and group homomorphisms (pi : Tq — > Fj for 
i = 1,2 such that (pQ and (pi are injective, Fq belongs to Bd-i,Ti and F2 belong to Bd 
and F is the amalgamated product Fi F2 with respect to (pi and (p2- Then F belongs 
toBd. 



Proof : 1 . ) see Corollary |5.13 . 

2. ) We obtain a fibration BA — > BT — > Btt for vr = F/A. There is the Leray-Serre spec- 
tral sequence converging to H^^g{ET , Af (T)) with E^^ = H^{EA;Af{T)) CpiEir) for 
an appropriate Zvr-action on H^{EA;Af(T)) coming from the fiber transport. Because of 
Additivity (see Theorem |n]^.4) it suffices to show for p + q < d 

dimA,(r) = 0. (7.4) 

Since b^q\A) = dimAr(r) {H^{EA;Af{r))) by Theorem p] and Cp{En) is a direct sum of 
copies of Zvr, Cofinality (see Theorem p.6| .4) proves [7.4| . 

3. ) Using for instance the bar-resolution model for ET, one gets that ET is the colimit of a 
directed system of subspaces of the form ETi Xp^ F directed by /. Hence 

H^{Er;^{r)) = colim,g,/7j(EF, Xr,F;Ar(F)). 

Since dim_^(r) [Hp{ETi x^. F; A/'(F))) = b^\Ti) by Theorem |4.9| the claim follows from The- 
orem 127 



4.) Fix an integer n > 1. Put V = p ^(im(j")). If k is the index of im(j) in vr, then is 
the index of im(j"') in vr and of F' in F and we conclude 

''f(r) = (7.5) 

Since im(j") is isomorphic to vr, we have an exact sequence 1 — > A — > F' — > tt — > 1. 
Let ip be the number of p-cells in Bit. We get from the Leray-Serre spectral sequence and 
Additivity (see Theorem |0.6| ) 

b?\r') < j^b^\A) . rp_,. (7.6) 

n=0 



Equations |7^ and imply 



i,W(r) = (7.7) 



A;" 
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Since k > 1 and holds for all n > 1 and ^^=9 ' h-q finite foTp<d by assump- 

tion, the claim follows. 

5.) Using the spectral sequence which converges to H^_^^g{ET;Af{T)) and has as E^-term 
= Hp^Eir; H^{EA;J\f{T))) the proof of assertion 5.) is reduced to the proof of 

dim^^^){HS{En;H^iEA■,^^iT)))) = 0, (7.8) 

since dim^(r) [H^{EA;J\f{T))) = bi^\A) by Theorem |3]^ and hence vanishes for g < ci 
by assumption. Let vr' C vr be a subgroup (not necessarily normal). Let F' C F be the 
preimage of vr under the canonical projection F — > vr. Then we obtain an exact sequence 
1 — > A — > F' — > vr' — ^ 1. We have 

H^'{E7r';H^{EA;^{T'))) = H^{EA;M{T')) ®c[.']C; 
H^{E7i;H^{EA;Af{T))) = H^{EA;Af{T))^ci.]C- 

Since H^{EA]J\f{T)) Ocw C is a quotient of H^{EA;Af(T)) (g>c[n'] C we conclude from Ad- 
ditivity (see Theorem |0.6|) and from Theorem |3]^ 



dim^(r)(i/i'(i5A;Ar(F))®cwC) < dim^(^r) {H^{E A; Af{T)) (^cy]C) ; 
dim^(ro {H^{EA; Ar(F')) ®cM C) = dim^(r) {H^{EA; Af{T)) ®c[.'] C) . 

This implies 

dim^^r){HUEn-H^{EA-Af{T)))) < dim^^r') (h^' {En'; H^{EA;Af{r)))) . 



Hence ^]8| would follow if we can find for each e < a subgroup vr' C vr satisfying 

dim^^r')[H^\E7r';H^{EA;Af{r)))^ < e. (7.9) 

We begin with the case where vr' is Z. From assertion 4 we conclude 

dimj^(r'){Hl'{ET';M{r))^ =0 for j9 > n. (7.10) 

The Leray-Serre spectral sequence associated to 1 — A — > F' — ^ Z — > 1 has an E"^- 
term which satisfies ^ = for g 7^ 0, 1 since BX has the 1-dimensional model S^. Since 
it converges to H^'^ {EV ; J\f iV')) , we conclude 0| for e = from |7.1CI| and Additivity (see 



Theorem |0.6| ). Now suppose vr' is finite. Then we get 

dimuiv')[H-o\E7:';H^{EA;M{V')))) = dimuiv') [h^' {EV';M{V')) 

= hf{T') 



vr 



If we can find vr' with arbitrary large |vr'| we get [7.9| . 

6.) One easily checks using the Seifert-van Kampen Theorem, that there is a F-push out 
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r ET, 



r xr, ET2 



r xr, ET^ 



ET 



We conclude from Theorem ^]9| dim (iJ^ (i^Fj Xp^ F; A/'(r))) = 6p^^(rj). Now the claim fol- 



lows from Additivity (see Theorem p.6| .4) and the a long exact homology sequence for 
i/f (— , A/'(r)). This finishes the proof of Theorem 7^. ■ 



So far we have no example with negative answer to the following question and can give 
an affirmative answer in some special cases. 

Question 7.11 Let 1 — > A — > T — > tt — > 1 be an exact sequence such that b^\A) < 00 
for all p > and vr belongs to Boo- Does then T belong to i3oo? 

More generally, if F — > E — > B is a fibration such that b];\F;Af{TTi{E))) < 00 and 
b^p\B;Af{7ri{B))) = holds for p > 0, does then {E;Af{7ri{E))) = hold for p > 0? 



Remark 7.12 Compact 3-manifolds whose fundamental groups belong to Boo are charac- 
terized in Proposition 6.5 on page 54]. The generalized Singer- Conjecture says that 
for an aspherical closed manifold M all the L^-Betti numbers of its universal covering van- 
ish possibly except in the middle dimension. In particular it implies that the fundamental 
group of an aspherical closed odd- dimensional manifold belongs to Boo- Thompson's group 



F belongs to Boo Theorem 0.8]. More information about the class Bi is given in 



8. L^-Euler characteristics and the Burnside group 

In this section we extend some of the results |Tl| about L^-Euler characteristics and 
investigate the Burnside group of a discrete group F. This extends the classical notions of 
the Burnside ring, Burnside ring congruences and equivariant Euler characteristics for finite 
groups. 

If X is a T-CW-complex, denote by I{X) the set of its equivariant cells. For a cell 
c G I{X) let (Fc) be the conjugacy class of subgroups of F given by its orbit type and let 
dim(c) be its dimension. Denote by |Fc|~^ the inverse of the order of any representative of 
(Fc), where |Fc|~^ is to be understood to be zero if the order is infinite. 

Definition 8.1 Let X be a (left) T-space and V be a A-TjT -module. Define 
h{X-V) := Y.^f\X-V) G[0,oo]; 

p>0 

X^^\X-,V) := J](-ir-6f (X;V^) gR ,z/ M^; < 00; 

m{X) := ^ iTcT"^ g[0,oo], ,if X is a T-CW- complex. m 

c€l{X) 
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The condition h{X; V) < oo ensures that the sum defining V) converges and 

that x^'^H^'^^) satisfies the usual additivity formula, i.e. for a F-CW^-complex X with F- 
CPF-sub complexes Xq, Xi and X2 satisfying X = XiU X2, Xq = XiH X2 and h{Xk; V) < 00 
for = 0, 1, 2 one has 

h{X;V) < 00; (8.2) 
X^'\X;V) = x^'\X,;V) + x'^'\X2;V)-x'^'\Xo;V). (8.3) 



The next theorem generalizes [^T], Theorem 0.3 on page 191] 



Theorem 8.4 Let X and Y be T-CW- complexes such that m(X) < 00 and m(y) < 00 
holds. Then 

1. 

h{X-U{V)) < 00; 

J2 (-l)di-W . |r,|-i = x^'\X;Af{T)). 
ce/(X) 

2. Suppose that T is amenable. Then 

^ (_l)dim{c) . ^ ^(-l)f .dim(Ar(r)®cr^^p(X;C)), 

ce/(x) P>o 

where Hp{X; C) is the cellular or the singular homology of X with complex coefficients. 
In particular X]cg/(X)(~-'-)'^™*'^^ ' l-'^cl^^ depends only the ^CV -isomorphism class of the 
'CT -modules Hn{X; C) for all n > 0; 

3. If for all c G I{X) the group Tc is finite or belongs to the class Boo, then 

6f(X;Ar(r)) = 6f (ErxX;Ar(r)) forp>0; 

x^'\x;Arir)) = x^'\ErxX;Ar{r)y, 

^ (_^)dim(c) . _ x^''\eT X X;M{T)). 

ce/(x) 

4. Suppose that f : X — > Y is a T-equivariant map, such that the induced map Hp{f; C) 
on the singular or cellular homology with complex coefficients is bijective. Suppose that 
for all c G I{X) and c G I{Y) the group is finite or belongs to the class B^q. Then 

(_l)dim(c) . ^ (_l)dim(c) . 

cg/(x) ce/(y) 



Proof : 1.) Additivity and Cofinality (see Theorem p.6|) and Lemma O.l imply 



C| 1 



dim(Cp(X;Ar(r))) = 5^ |r 

cG/(X),dim{c)=p 

dim(/7r(X;Ar(r))) < dim(Cp(X;Ar(r))) 
5](-l)^-dim(C,(X;Ar(r))) = x^'\X;M{T))). 
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2.) follows from the first assertion and Theorem 15.11 



3.) Because of the first equation it suffices to prove that the dimension of the kernel and the 
cokernel of the map induced by the projection 

pr, : H^iET x X;Af{T)) H^^{X-Af{T)) 

are trivial. Notice that X is the colimit of its finite F-subcomplexes. Since ifp(— ,A/'(r) is 
compatible with colimits and colimit preserves exact sequences, we can assume by Theorem 



9| and Additivity (see Theorem |0]^) that X itself is finite. By induction over the number 
of equivariant cells, the long exact homology sequence and Additivity (see Theorem |0.6| ) the 
claim reduces to the case where X is of the shape T/H. Because of Theorem [4.9| it suffices 
to prove for the map pr^ : Hp{EH;M{H)) — > Hp{{*};Af{H)) that its kernel and cokernel 
have trivial dimension, provided that H is finite or belongs to Bod. This is obvious for finite 



H and follows for H G Bod from the definition of Boo and Theorem [4.10| . 



4.) Since ETxX is free and the map id x/ : ET x X — > ET x Y induces an isomorphism on 
singular homology it induces an isomorphism Hp[ET x X^MiV)) — > H^{ET x Y]M{T)) 
and we conclude x^'^\ET x X]N'{T)) = x^'^KET x Y;Af{T)). Now assertion 4.) follows from 
assertion 3.). This finishes the proof of Theorem |8.4|. ■ 



As explained in ||TT] , Proposition 0.4 on page 192] the L^-Euler characteristic extends 



the notion of the virtual Euler characteristic which is due to Wall [Q. Information about 
this notion can be found for instance in 0, chaper IX]. The next result generalizes [0, 
Corollary 0.6 on page 193] 

Corollary 8.5 Let T be a group belonging to Boo- Then x^(i?r; A^(r)) is defined and van- 
ishes. If its virtual Euler characteristic Xvirt(r) is defined, then it vanishes. In particular 
x{Br) vanishes if BT can be choosen to be a finite CW -complex. ■ 

Next we introduce the Burnside group and the equivariant Euler characteristic. The 
elementary proof the following lemma is left to the reader. 

Lemma 8.6 Let H and K be subgroups ofV. Then 

1. T/H^ = {gH I g-^Kg C H}; 

2. The map 

(f) : T/H^ — > consub(i/) gH ^ g-^Kg 

induces an injection 

WK\{T/H^) — y consub(i7), 
where consub(if) is the set of conjugacy classes in H of subgroups of H; 

3. The WK-isotropy group of gH e T/H^ is {gHg-^ n NK)/K C NK/K = WK , where 
NK is the normalizer of K inT and WK is NK/ K; 

4. If H is finite, then T/H^ is a finite union of WK -orbits of the shape WK/L for finite 
subgroups L C WK. m 
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Definition 8.7 Define the Burnside group A{r) by the Grothendieck group of the ahelian 
monoid under disjoint union of T -isomorphism classes of proper cocompact T-sets S, i.e. 
T-sets S for which the isotropy group of each element in S and the quotient r\S are finite. 



Notice that A{r) is the free abehan group generated by F-isomorphism classes of orbits 
r/H for finite subgroups H G T and that T/H and T/K are F-isomorphic if and only if 
H and K are conjugate in F. If F is a finite group, A{r) is the classical Burnside ring 



13 , section 5], [jT4|, chapter IV]. If F is infinite, then the cartesian product of two proper 
cocompact F-sets with the diagonal action is not cocompact any more so that the cartesian 
product does not induce a ring structure on A(r). At least there is a bilinear map induced 
by the cartesian product A{Ti) A{T2) — > A(Fi x F2). 

Definition 8.8 Let X be a proper finite T-CW- complex. Define its equivariant Euler char- 
acteristic 

x^ix) := i-if"^^'^ ■ [r/rj e a{t). ■ 

c€l{X) 

An additive invariant {A, a) for proper finite F-CVT-complexes X consists of an abelian 
group A and a function a which assigns to any proper finite T-CW-complex X an element 
a{X) G A such that the following three conditions hold, i.) if X and Y are F-homotopy 
equivalent, then a{X) = a{Y), ii.) if Xq,Xi and X2 are F-CVT-subcomplexes of X with 
X = X1UX2 and Xo = Xi n X2, then a(X) = a(Xi) + a(X2) - a(Xo), and iii.) a(0) = 0. 
We call an additive invariant {U, u) universal, if for any additive invariant {A, a) there is 
precisely one homomorphism ip : U — > A such that '^(m(X)) = a{X)) holds for all proper 
finite F-CW^-complexes. One easily checks using induction over the number of equivariant 
cells 

Lemma 8.9 (yl(F), x^) is the universal additive invariant for finite proper V -CW -complexes. 



Definition 8.10 Define for a finite subgroup K dV the L^-character map 

r 

ch^:A(F)^Q [S]^Y,\L^\~' 

i=l 

ifWK/Li, WK/L2, ... WK/Lr are the WK-orbits of . Define the global L^-character 
map by 

{K) (K) 

where (K) runs over the conjugacy classes of finite subgroups o/F. ■ 
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Lemma 8.11 Let X be a finite proper T-CW- complex and K cT be a finite subgroup. Then 
is a finite proper WK -CW -complex and 

X^'\X''-M{WK)) = chlix^iX)). 

Proof : The WK-space X^ is a finite proper WK-CW-comp\ex because for finite H G T 
the WK-set T/H^ is proper and cocompact by Lemma |8]B. Since the assignment which 



associates to a finite proper F-Ciy-complex X the element x^'^K^^'^^i'^^)) Q is an 
additive invariant, it suffices by Lemma |8.9| to check the claim for X = T / H for finite 
H gV. Then the claim follows from the fact that x^'^KWK /L; M {WK)) = \L\-^ holds for 
finite L C WK. m 



Notice that one gets from Lemma ^.61 the following explicit formula for the value of 
ch^(r/iJ). Namely, define 

Ck{H) := {(L) G consub(if) | L conjugated to K in F}. 

For (L) G Ck{H) choose L G {L) and (7 G F with g~^Kg = L. Then 

g{HnNL)g-' = gHg-'nNK; 

\igHg-'nNK)/K\-' - 



\K\ 



HnNL 



This implies 

ch^,rF/m = V 

HnNL 



Lemma 8.13 The global L'^-character map of Definition \8. 1 ^ induces a map denoted by 



ch^®zQ: AiV)®^Q^WQ. 

(K) 

It is injective. If F has only finitely many conjugacy classes of finite subgroups, then it is 
bijective. 

Proof : Consider an element ^21=1 '"i ' / Hi] in the kernel of ch^ ®zQ- We show by induc- 
tion over n that the element must be trivial. The begin n = is trivial, the induction step 
done as follows. We can choose the numeration such that Hi subconjugated to Hj implies 
i > j. We get from |8.12| 

ch^(F/i7) = 1 ,ifH = K; 

ch^{T/H) = , if i^' is not subconjugated to H in F. 

This implies 

and hence ri = 0. Hence the global L^-character map is injective. If F has only finitely many 
conjugacy classes of finite subgroups, then the source and target of ch'" ®zQ are rational 
vector spaces of the same finite dimension and ch'" ®zQ must be bijective. ■ 
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Remark 8.14 Suppose that there are only finitely many conjugacy classes (-f^i), (-^^2)5 • • • , 
(Hr) of finite subgroups in F. Without loss of generality we can assume that Hi subcon- 
jugated to Hj implies i > j. With respect to the obvious ordered basis for the source and 
target the map ch'" ®zQ is described by an upper triangular matrix A with ones on the diag- 
onal. One can get an explicit inverse which again has ones on the diagonal. This leads 
to a characterization of the image of A{T) under the global L^-character map x^- Namely, 
an element in t] E 111=1 Q li^s in ch'"(74(r)) if and only if the following Burnside integrality 
conditions are satisfied 

r 

A-^T] G JJZ. (8.15) 

i=l 



Now suppose that F is finite. Then the global L^-character map is related to the 



classical character map by the factor \WK\ 
any finite F-set S 

ch^(5) = 



i.e. we have for each subgroup of F and 



\WK 



-1 



15 



(8.16) 



One easily checks that under the identification |8.16| the integrality conditions |8.15| correspond 
to the classical Burnside ring congruences for finite groups [|l^, section 5.8], [14, section IV. 5]. 



Let -E(F, Tlhf) be the classifying F-space for the family Tlhf of finite subgroups. This 
F-CVT-complex is characterized up to F-homotopy by the property that its i7-fixed point 
set is contractible if if C F is finite and empty otherwise. It is also called the classifying 
space for proper F-spaces and denoted by EV in the literature. For more information about 
E(T,JU\f) we refer for instance to 0, [T^, section 7], |]T^ section 1.6], 



Lemma 8.17 Suppose that there is model for E(r,J^UV) which is a finite T-CW -complex. 
Then there are only finitely many conjugacy classes of finite subgroups and for a finite sub- 
group K gT 

ch^(x^(i?(F,mr))) = x^'\WK). 
If F is amenable, then we get for a finite subgroup K G T 

chlix^ {E{T,Jl^f))) = \WK\-\ 

where \ WK\^^ is to be understood as for infinite WK . 



Proof : We get from Lemma ^.11| since E{V, TlN)^ is a model for E{WK, JU\f) 

ch^(xr(E(F,mr))) = x^'\E{WK,jmy,Af{WK)). 
Now apply Theorem |8.4|.3. and Corollary |5.13|. ■ 



Example 8.18 Let 1 — > — > F — > Z/p — > 1 be an extension of groups for n > 1 and 
a prime number p. Then E{r, JU\f) can be choosen as a finite F-CH^-complex because only 
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the following cases can occur. If F contains a finite subgroup, then F is a semi-direct product 
of Z" and Z// and one can construct a finite F-Ciy-complex as model for E{T , jnj\f) with 
as underlying space. If the group F contains no finite subgroup, then F is an extention of 
finitely generated free abelian groups and hence BT can be chosen as a finite CVT-complex. 
We want to compute ')(^{E{T,TIN')). The conjugation action of F on the normal subgroup 
Z" factorizes through the projection F — > 'L/p into a operation p of Z/p onto Z". If this 
operation has a non-trivial fixed point, then WH is infinite for any finite subgroup H oiV 
and we conclude from Lemma p.l3| and Theorem |8.17| that 



X^(S(F,mr)) = 0. 

Now suppose that this operation p has no non-trivial fixed points. Let Hq be the trivial 
subgroup and Hi, H2, . . . , Hr he a complete set of representatives of the conjugacy classes 
of finite subgroups. Each Hi is isomorphic to Z//. One easily checks that there is a bijection 

H\Z/p; V;) — > {{H) \ H (lV,l<\H\< 00}, 

if Z^ denotes the Z[Z//]-module given by Z" and p. We compute using p. 12 



ch^JF/i/o) = 1; 

ch%,{T/H,) = i j = l,2,...r; 

c\il^{V/H,) =1 i=j, I, J = 1,2, 

di%{V/H,) =0 ^^j, ^,j = l,2 



r; 
r; 



We conclude 



X^{E{T,TIN)) = --■[T/H,] + J2[^/m- 



i=l 



The integrality conditions of p.l5| become in this case 

1 

^70 - - ■ X] ^» e 

r^i G Z i = 1, 2 



P .=1 



9. Values of L^-Betti numbers 

In this section we investigate the possible values of L^-Betti numbers. 

Conjecture 9.1 Let T be a group and let X be a free finite T-CW -complex. Then 

6f(X;Ar(F)) gQ. 

If d is a positive integer such that the order of any finite subgroup of F divides d, then 

d-hf\X-M{T)) gZ. ■ 
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The significance of Conjecture ^]T] and its relation to a question of Atiyah [0, page 72] 
about tlie rationality of the analytic L^-Betti numbers of 3J. are explained in |3^, Section 2]. 



Let C be the smallest class of groups which contains all free groups, is closed under directed 
unions and satisfies G G C whenever G contains a normal subgroup H such that H belongs 
to C and G/H is elementary amenable. Conjecture |9.1| has been proven for groups F G C by 
Linnell |2^, provided that there is an upper bound on the order of finite subgroups of T. 



Theorem 9.2 1. Let T be a group such that there is no bound on the order of finite 
subgroups. Then 

(a) Given j3 G [0, oo], there is a countably generated projective liT -module P satisfying 

dimAr(r)(AA(r)®zrP) = 

(b) Given a sequence (3^, f]^, ... of elements in [0, oo], there is a free T-GW -complex 
X satisfying 

b^\X;Af{T)) = forp>3; 

If r is countably presented, one can arrange that X has countably many T- 
equivariant cells; 

2. Let r be a group such that there is a bound on the order of finite subgroups. Let d be the 
least common multiple of the orders of finite subgroups ofV. Suppose that Gonjecture 
V71\ holds for r. Then we get for any T -space X and p > 



d-hf\X-M{T)) gZU{oo}; 

3. Given a sequence of elements (3i, (32, ■■■ [0, cxd], there is a countable group V with 
hp iV) = Pp forp > 1. If Pi is rational, T can be chosen to be finitely generated. 

Proof : l.a.) Since there is no bound on the order of finite subgroups, we can find a sequence 
of finite subgroups Hi, H2, ■ . . of T such that /3 = Ylili Then 

P = (Br=iC[T/H,] 

is the desired module by Theorem ^^.1 and Additivity and Cofinality (see Theorem p.6| .4.). 



l.b.) By assertion l.a) we can choose a sequence of countably generated projective CF- 
modules P3, P4, ... such that for p > 3 

dim^(r)(Ar(r)®^rPp) = Pp. (9.3) 

Next we construct inductively a nested sequence X2 C X^ C . . . of F-CVT-complexes to- 
gether with F-retractions : Xp — > Xp_i for p > 3 such that X2 is the 2-skeleton of a 
model for ET, Xp is obtained from by attaching countably many free F-equivariant 

p-cells and p + 1-cells and 

HniXp,Xp.i) = { l = P. (9.4) 



42 



The Eilenberg-swindle yields a split-exact sequence — > C'p+i Cp — > Pp — > of CF- 
modules such that Cp+i and Cp are countably generated free ZF-modules with a basis. Now 
one attaches for each element of the basis of Cp trivially a free F-equivariant p-cell to X. 
Then one attaches for each element of the basis of Cp+i a free F-equivariant p + 1-cell to X, 
where the attaching maps are choosen such that the cellular CF-chain complex of [Y, X) is 
just the ZF-chain complex which is concentrated in dimension p + 1 and p and given there 
by Cp+i -ii^ Cp. Details of the construction of the F-CVT-complexes Xp and F-retractions 
Tp can be found in Theorem 2.2, page 201], Now define Y = colimp^oo -^p- One 



easily checks for p > 3 

H^{Y;Ar{r)) = M{T)®j^rPp. 
h?\Y;MiT)) = Pp. 

2.) Let / : Y — > X be a F-CW^-approximation of X 0, page 35], i.e. a F-CVT-complex 
Y with a F-map / such that is a weak homotopy equivalence and hence a weak homology 
equivalence [0, Theorem IV. 7.15 on page 182] for H cT. Then fej,^^ (Y; Af{T)) = hf^ (X; MiV)) 



for all p > by Lemma [4.8| .2. Hence we can assume without loss of generality that X is a 
F-CW^-complex. 

Conjecture ^TT| is equivalent to the statement that for any finitely presented ZF-module 

M 

ci-dim^(r)(Ar(F)®arM) G Z. (9.5) 

This follows essentially from Lemma 2.2]. Now let D^, be any ZF-chain complex such 
that Dp is isomorphic to ©[^]^Z[F/ifj] for some non-negative integer r and finite subgroups 
Hi. Then the cokernel of each of the differentials dp is a finitely presented ZF-module and 
5| yields for all p > using Additivity (see Theorem p.6| .4) and Lemma p.4| .l 



G 


Z; 


G 


Z; 


G 


Z; 


G 


Z. 



d ■ dim_^r) (cok (id^(r) ®iTdp)) 
d ■ dim_/vrr) (im (id^(r) ®zrrfp)) 
d ■ dimATr) (ker (idAr(r) ^zrc^p)) 

d-<limj^T){Hp{M{V)®^rD,)) G Z. (9.6) 

Let X°° be the F-CVT-subcomplex of X consisting of points whose isotropy groups are 
infinite. The sequence — > a(X°°) — > C,(X) — > C,(X,X~) — ^ of cellular ZF-chain 
complexes is exact. Since it is ZF-split exact in each dimension, the sequence obtained by 
tensoring with N{T) is still exact. The associated long exact homology sequence, Additivity 
(see Theorem p.6| .4) and Lemma |3.4] .l imply for p > 



dim^(r)(Ar(F)®2;rCp(X~)) = 0; (9.7) 
hf\X-M{T)) = dim^(r)(i/p(Ar(F)®zra(X,X-))). (9.8) 

Notice that Cp(X, X°°) is a sum of ZF-modules of the shape Z[F/i/] for finite groups H dV. 
Hence C*(X, X°°) is a colimit over a directed set I of subcomplexes D^[i] (directed by 
inclusion) such that each Dp[i\ is isomorphic to ©[^]^Z[F/ifj] for some non-negative integer r 



and finite subgroups Hi. Since homology commutes with colimits we conclude from and 
Theorem 12.91.2 



hf\X-UiX)) = sup{inf{dim^(r)(im(i7p(Ar(F)®zr/^*[^]) -^i/p(Ar(F)®zr/^4j]))) 

I J e /,2 < j} 1 2 G /}. 
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Since the set {r E M \ d ■ r E 'Z} is discrete in M, it suffices to show for each inclusion 
L : D^: [i] — > [j] and all p > 

d ■ dim^(r) (im(i, : Hp{U{V) ®zr D,[i]) — ^ Hp{U{V) D^j]))) G Z. (9.9) 

Let be any acyclic A/'(r)-chain complex with Fp = for p < such that d ■ dim(Fp) G Z 
holds for all p > 0. Then we get d ■ dim(im(/p : Fp — > -^p-i)) ^ Z for all p > since we have 
the short exact sequences — > im(/p+i) — > Fp — > ini(/p) — > and ini(/i) = Fq. Hence 



we obtain |9.9| from |9]^ and the conclusion above for the case where F is the long exact 
homology sequence of the pair (cyl(i), -D*[i]) since there is a ZF-chain homotopy equivalence 
from the mapping cylinder cyl(i) to D^[j] whose composition with the inclusion of D^[i] in 
cyl(t) is L. 



3.) is proven in [0, section 4]. This finishes the proof of Theorem [9l2 . 



Remark 9.10 The group T = n,=i Z * Z satisfies H^{ET;Af{T)) = for all p > 0. This 
is interesting in connection with the zero-in-the-spectrum conjecture (pSf, I^S], section 11]. 
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